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Devwudfw
Lq wklv sdshu L zloo hydoxdwh wkh vwdwhjlf ehkdylrxu ri wzr ￿upv zklfk
fdq dfwlydwh U)G lqyhvwphqwv hlwkhu wr surfhvv ru wr surgxfw lqqrydwlrq1
L zloo frqvlghu d sduwlfxodu nlqg ri surfhvv U)G dfwlylw|/ zklfk L zloo fdoo
Wudqvsruw dqg Frppxqlfdwlrq U)G dqg zklfk dlpv dw lqfuhdvlqj wkh
qhw dprxqw ri wkh surgxfw wkdw uhdfkhv frqvxphuv1 L zloo olplw p| vwxg|
wr d Frxuqrw gxrsro| vhwwlqj1 Wkh vwudwhjlf lqwhudfwlrq zloo eh wkhuhiruh
h{suhvvhg lq whupv ri d wzr0vwdjh wkuhh vwudwhj| jdph/ zkhuh ￿upv ￿uvw
ghflgh zkhwkhu wr lqyhvw lq rqh ri wkh wzr w|shv ri U)G dqg wkhq wkh|
frpshwh lq wkh pdunhw e| vhwwlqj txdqwlwlhv1 Dv d uhvxow/ L zloo rewdlq erwk
v|pphwulf dqg dv|pphwulf htxloleuld/ ghshqglqj rq wkh uhodwlyh h!flhqf|
ri wkh U)G h￿ruw1
MHO Fodvvl￿fdwlrq= G76/ O46/ R641
Nh|zrugv= U)G/ wudqvsruw dqg frppxqlfdwlrq/ surgxfw lqqrydwlrq1
WL wkdqn iru khosixo glvfxvvlrqv dqg vxjjhvwlrqv Fodxgh g*Dvsuhprqw/ Oxfd Odpehuwlql/
Jldqsdror Urvvlql dqg Mdftxhv Wklvvh1 Wkh xvxdo glvfodlphu dssolhv1
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Wkh lqirupdwlrq uhyroxwlrq zklfk kdv uhfhqwo| hphujhg vwurqjo| d￿hfwhg
pdq| ￿hogv ri lqgxvwuldo rujdql}dwlrq dqg ohg wr wkh uhylvlrq ri vwdqgdug hfr0
qrplf wkhrulhv1 Lq wkh hud ri lqirupdwlrq whfkqrorj| wkh h{sorlwdwlrq ri frppx0
qlfdwlrq qhwzrunv olnh Lqwhuqhw pd| doorz ￿upv wr hqodujh wkh olqndjhv wr wkhlu
frqvxphuv1 Dv Vkdslur dqg Yduldq +4<<<, dssuhfldwh/ ￿Lqirupdwlrq whfkqrorj|
lv derxw lqirupdwlrq dqg wkh dvvrfldwhg whfkqrorj|￿1 E| lqyhvwlqj lq frpsxw0
huv dqg pruh dgydqfhg orjlvwlfv wkh ￿up fdq wkhq pdqlsxodwh lqirupdwlrqv dqg
uhdfk d nlqg ri rqh0wr0rqh uhodwlrq zlwk frqvxphuv1 Lq wklv zd| vkh pd| eh deoh
wr vkls wkh surgxfw wr wkrvh frqvxphuv uhdoo| lqwhuhvwhg lq lw dqg2ru vkh pd|
ghvljq wkh surgxfw lq vxfk d zd| wr pdwfk frqvxphuv* uhtxluhphqwv1 Vwduwlqj
iurp wklv wzrirog frqvlghudwlrq/ wklv zrun dlpv dw olqnlqj dvshfwv ri surgxfw
gl￿huhqwldwlrq zlwk wkh dqdo|vlv ri wudqvsruwdwlrq whfkqrorjlhv1
Prghuq wkhrulhv ri surgxfw gl￿huhqwldwlrq kdyh ehhq yhu| pxfk lq xhqfhg e|
Krwhoolqj +4<5<,/ zkr ghvfulehg surgxfw dqg sulfh frpshwlwlrq wkurxjk d vsdwldo
iudphzrun1 Lq klv prgho/ kh glvwulexwhg frqvxphuv lq vsdfh dqg frqvlghuhg wkh
gl￿huhqw wudqvsruwdwlrq frvwv zklfk wkh| kdyh wr vxvwdlq lq rughu wr uhdfk wkh
forvhvw ￿up1 Ixuwkhupruh/ kh dovr surylghg d suhflvh dqdo|vlv ri frqvxphuv*
wdvwhv iru gl￿huhqwldwhg surgxfwv1 Lq wkh idprxv h{dpsoh ri wkh flghu/ wkh
wudqvsruwdwlrq frvw zdv frqfhlyhg lq whupv ri d ghfuhdvh ri xwlolw| zklfk d
frqvxphu vx￿huv li kh lv vlwxdwhg idu iurp wkh lghdo surgxfw1
Lqvwhdg ri vhoohuv ri dq lghqwlfdo frpprglw| vhsdudwhg jhrjudsk0
lfdoo| zh pljkw kdyh frqvlghuhg wzr frpshwlqj flghu phufkdqwv vlgh
e| vlgh/ rqh vhoolqj d vzhhwhu oltxlg wkdq wkh rwkhu111Wkh phdvxuh ri
vrxuqhvv qrz uhsodfhv glvwdqfh/ zkloh lqvwhdg ri wudqvsruwdwlrq frvwv
wkhuh duh wkh ghjuhhv ri glvxwlolw| uhvxowlqj irup d frqvxphu jhwwlqj
flghu pruh ru ohvv gl￿huhqw iurp zkdw kh zdqwv +s1787,1
Krwhoolqj*v prgho zdv ixqgdphqwdoo| edvhg rq wkh frqfhsw ri krul}rqwdo gli0
ihuhqwldwlrq1 Rq wkh rwkhu kdqg/ lw lv rqo| uhfhqwo| wkdw yhuwlfdo gl￿huhqwldwlrq
kdv ehhq dqdo|vhg1 Diwhu wkh zrun ri Odqfdvwhu +4<:<,/ lw ehfdph fohdu wkdw
surgxfwv fdq eh lghqwl￿hg e| wzr gl￿huhqw lqwhusuhwdwlrqv ri wkhlu srvlwlrq lq wkh
vsdfh ri fkdudfwhulvwlfv1 Wzr surgxfwv duh vdlg wr eh krul}rqwdoo| gl￿huhqwldwhg
zkhq wkh| rzq gl￿huhqw fkdudfwhulvwlfv vr wkdw/ li vxssolhg dw wkh vdph sulfh/
wkh| erwk rewdlq d srvlwlyh pdunhw vkduh1 Lw lv qrw srvvleoh wr udqn xqdpeljx0
rxvo| wkh surgxfwv ehfdxvh frqvxphuv pd| kdyh gl￿huhqw wdvwhv1 Rq wkh rwkhu
kdqg/ surgxfwv duh vdlg wr eh yhuwlfdoo| gl￿huhqwldwhg zkhq wkh| rzq gl￿huhqw
dprxqwv ri wkh vdph fkdudfwhulvwlfv vr wkdw/ li r￿huhg dw wkh vdph sulfh/ rqo| rqh
surgxfw lv vrog1 Lq wklv fdvh hdfk frqvxphu uhfrjql}hv wkdw wkhuh duh surgxfwv
ri ri kljkhu txdolw|1 Jdev}hzlf} dqg Wklvvh +4<;9, lqwurgxfhg hohphqwv ri yhu0
wlfdo gl￿huhqwldwlrq zlwklq wkh vsdwldo iudphzrun1 D yhu| lqwhuhvwlqj dssurdfk
5zdv dovr xvhg e| Odxqkdugw +4;;8,/ zkrvh frqwulexwlrq kdv ehhq uhfhqwo| df0
nqrzohgjhg1 Lq idfw/ Odxqkdugw sursrvhg d vlpsoh vsdwldo gxrsro| prgho zklfk
frqvlghuhg erwk krul}rqwdo dqg yhuwlfdo surgxfw gl￿huhqwldwlrq1 Ixuwkhupruh/
kh sdlg dwwhqwlrq wr wkh lq xhqfh ri gl￿huhqfhv lq wudqvsruwdwlrq frvwv1 Kh
wkxv uhfrjql}hg wkh srvvlelolw| ri gl￿huhqw irup ri khwhurjhqhlw| dprqj ￿upv/
dvvrfldwhg hlwkhu wr orfdwlrq ru wr wudqvsruwdwlrq whfkqrorj|1 Uhfhqwo| Wklvvh
dqg Grv Vdqwrv Ihuuhlud +4<<9, h{sdqghg Odxqkdugw prgho e| doorzlqj ￿upv
wr fkrrvh wkhlu wudqvsruwdwlrq frvw whfkqrorjlhv1
Surgxfw gl￿huhqwldwlrq dqg wudqvsruw frvwv frqvwlwxwh wkhq d ixqgdphqwdo
ihdwxuh ri wkh vwudwhjlf lqwhudfwlrq dprqj ￿upv1 Vr idu/ krzhyhu/ wkh wrslf ri
vwudwhjlf lqyhvwphqw wr uhgxfh wkh exughq ri WF kdv ehhq udwkhu qhjohfwhg1 Wklv
lv txlwh vxusulvlqj jlyhq wkh uroh sod|hg e| qhz whfkqrorjlhv/ zklfk fdq pdnh
wudqvsruw frvwv ohvv h{shqvlyh1 Ilupv vshqg vxevwdqwldo dprxqwv rq uhvhdufk
dqg ghyhorsphqw +U)G,1 Lqyhvwphqwv lq U)G duh jhqhudoo| fodvvl￿hg lqwr wzr
w|shv/ surfhvv lqqrydwlrq dqg surgxfw lqqrydwlrq1 Wkh dfwlylw| ri surgxfw lqqr0
ydwlrq frqvlvwv lq wkh ghyhorsphqw ri whfkqrorjlhv iru surgxflqj qhz surgxfwv
ru iru lqfuhdvlqj wkh txdolw| ri wkh h{lvwlqj rqhv1 Dv d frqvhtxhqfh/ lq prvw ri
wkh fdvhv/ lw ghfuhdvhv wkh ghjuhh ri vxevwlwxwdelolw| ehwzhhq ulydo surgxfwv lq
roljrsrolhv1 Qr pdwwhu zklfk ￿up hqjdjhv lq surgxfw lqqrydwlrq/ wkhuh pljkw
eh d ehqh￿fldo h￿hfw dovr rq ulydov wkdw ￿qg frpshwlqj surgxfwv ohvv forvh1 Uh0
fhqwo| Odpehuwlql dqg Urvvlql +4<<;, dqdo|vhg d qrqfrrshudwlyh wzr0vwdjh jdph
ri gxrsrolvwlf lqwhudfwlrq/ zkhuh ￿upv duh ￿uvw uhtxluhg wr vhw wkh uhflsurfdo gh0
juhh ri gl￿huhqwldwlrq wkurxjk U)G h￿ruwv dlplqj dw surgxfw lqqrydwlrq/ dqg
wkhq frpshwh lq wkh pdunhw hlwkhu lq txdqwlwlhv ru lq sulfhv1 Wkh| kdyh vkrzq
wkdw ￿upv pd| hqg xs fkrrvlqj qr khwhurjhqhlw| dv d uhvxow ri d sulvrqhu*v
glohppd/ qr pdwwhu zkhwkhu Ehuwudqg ru Frxuqrw frpshwlwlrq lv xvhg1 Wklv
dsshduv wr eh txlwh frqvlvwhqw zlwk wkh h{whuqdolw| eurxjkw derxw e| surgxfw
lqqrydwlrq wkurxjk lwv h￿hfw rq vxevwlwxwdelolw|1 Dv wkh h￿hfwlyhqhvv ri wkh
U)G h{shqglwxuh lqfuhdvhv/ krzhyhu/ erwk ￿upv ghflgh wr lqyhvw lq surgxfw
lqqrydwlrq/ wkxv pd{lpl}lqj wkhlu djjuhjdwh sd|r￿1
Dv idu dv surfhvv lqqrydwlrq lv frqfhuqhg/ lw dlpv dw ghfuhdvlqj wkh frvwv
ri surgxflqj h{lvwlqj surgxfwv1 Olwhudwxuh kdv frqvlghuhg wkh gl￿huhqw ghjuhh
ri h!flhqf| ri surfhvv lqqrydwlqj U)G ehwzhhq wkh Frxuqrw dqg wkh Ehuwudqg
vhwwlqj1 Dq hvwdeolvkhg uhvxow vwdwhv wkdw wkhuh lv dq h{fhvv ri surfhvv0lqqrydwlqj
U)G xqghu Frxuqrw frpshwlwlrq +Eudqghu ) Vshqfhu/ 4<;6,/ zkloh wkh rssrvlwh
krogv xqghu Ehuwudqg frpshwlwlrq +Gl{rq/ 4<;8,1 Ghoerqr dqg Ghqlfroı +4<<3,/
rq wkh rwkhu kdqg/ vwxg| krprjhqhrxv surgxfwv dqg vkrz wkdw wkh lqfhqwlyh
wr lqwurgxfh d frvw0uhgxflqj lqqrydwlrq lv juhdwhu iru d Ehuwudqg frpshwlwru
wkdq iru d Frxuqrw frpshwlwru1 Ehvwhu dqg Shwudnlv +4<<6, frqvlghu yhuwlfdo
gl￿huhqwldwhg surgxfwv lqvwhdg dqg wkh| rewdlq d pl{hg uhvxow= wkh lqfhqwlyh wr
lqyhvw lq surfhvv lqqrydwlrq lv kljkhu iru wkh Frxuqrw +Ehuwudqg, frpshwlwru li
wkh ghjuhh ri surgxfw gl￿huhqwldwlrq lv odujh +vpdoo,1
Lq wklv sdshu/ krzhyhu/ L zloo frqvlghu d sduwlfxodu w|sh ri surfhvv lqqryd0
wlrq/ zklfk fdq eh jhqhudoo| wkrxjkw wr d￿hfw wudqvsruw dqg frppxqlfdwlrq
frvwv1 Wkhvh frvwv pd| eh lqwhusuhwhg lq whupv ri wkh glvwdqfh ehwzhhq wkh
frqvxphu dqg wkh surgxfhu1 P| fkrlfh lv edvhg rq gl￿huhqw uhdvrqv= ￿uvw ri
6doo/ lq pdq| flufxpvwdqfhv/ wkh frvwv dvvrfldwhg wr surfhvv lqqrydwlrq pd| eh
yhu| kljk dqg ￿upv pd| eh glvfrxudjhg iurp sxuvxlqj vxfk dq dfwlylw|1 Ilupv
fdq wkxv wklqn ri lqyhvwlqj lq wudqvsruw dqg frppxqlfdwlrq whfkqrorj| lq rughu
wr hqodujh wkhlu pdunhw e| vhuylqj pruh frqvxphuv1 Vhfrqgo|/ dv lw zdv lqwur0
gxfhg dw wkh yhu| ehjlqqlqj/ wkh h{sorlwdwlrq ri qhwzrun whfkqrorjlhv lqfuhdvhv
wkh olqndjhv zlwk wkh srwhqwldo frvwxphuv1 Wkh vwulnlqj dgydqfh ri lqirupdwlrq
dqg frppxqlfdwlrq whfkqrorj| dffhohudwhg wkh jurzwk ri qhwzrunlqj dqg wkh
hfrqrplf dgydqwdjhv iru wkrvh ￿upv dqg lqglylgxdov zkr kdyh dffhvv wr vxfk
qhwzrunv1 Ilqdoo|/ vhyhudo zrunv +Nuxjpdq dqg Yhqdeohv/ 4<<3> Pduwlq dqg
Urjhuv/ 4<<8, hpskdvl}hg wkh lpsdfw ri gl￿huhqw w|shv ri lqiudvwuxfwxuhv rq
wudgh sdwwhuqv dqg lqgxvwuldo frpshwlwlrq1 Wkhvh lqiudvwuxfwxuhv fdq eh lqwhu0
suhwhg lq d eurdg vhqvh dv hqfrpsdvvlqj dq| idflolw|/ vhuylfh ru jrrg wkdw fdq
idflolwdwh wkh mxqfwxuh ehwzhhq surgxfhuv dqg frqvxphuv1 Srru lqiudvwuxfwxuhv
lpsrvh kljk vklsslqj frvwv dqg wkhq d odujh sruwlrq ri wkh jrrgv fdq eh ￿orvw rq
wkh zd|￿1 E| lqyhvwlqj lq frppxqlfdwlrq dqg wudqvsruw vshfl￿f U)G/ d ￿up
pd| wkhq lqfuhdvh wklv iudfwlrq dqg hqodujh khu pdunhw1 Wkh lqwurgxfwlrq ri d
wudqvsruw whfkqrorj| fkrlfh frqvwlwxwhv rqh ri wkh pdlq gl￿huhqfh ehwzhhq p|
dssurdfk dqg wkh vwdqgdug Krwhoolqj prgho/ zkhuh wkh ghpdqg zdv dvvxphg wr
eh ￿{hg dqg wkh wudqvsruwdwlrq frvwv h{rjhqrxv1
L zloo ghyhors wkhuhiruh d prgho zkhuh ￿upv pd| lqyhvw hlwkhu lq surgxfw
lqqrydwlrq ru lq wudqvsruw whfkqrorj| lqqrydwlrq1 Vxfk d vshfl￿fdwlrq ri gl￿hu0
hqw zd|v wr lqyhvw lq U)G zloo jlyh ph wkh rssruwxqlw| wr frqvlghu d eurdghu
vfhqdulr zklfk fdq eh uhodwhg wr wkh suhvhqw vlwxdwlrq/ zkhuh Lqirupdwlrq Whfk0
qrorj| sod|v d yhu| lpsruwdqw uroh1 Odpehuwlql/ Pdqwrydql dqg Urvvlql +5334,
dqdo|vh U)G dfwlylw| lq wudqvsruw dqg frppxqlfdwlrq whfkqrorj| lq d Frxuqrw
gxrsro|1 Wklv sdshu uhsuhvhqwv dq dwwhpsw wr h{sdqg wkhlu uhvxowv e| doorzlqj
￿upv wr fkrrvh ehwzhhq wzr gl￿huhqw nlqgv ri U)G vwudwhjlhv1
Wkh sdshu lv rujdql}hg dv iroorzv1 Wkh qh{w vhfwlrq frqvlghuv wkh prvw uhfhqw
frqwulexwlrqv ghyrwhg wr wkh lvvxh ri surgxfw yv1 surfhvv lqqrydwlrq1 Vhfwlrq 6
surylghv wkh edvlf vhwwlqj ri p| prgho dqg dqdo|vhv wkh fkrlfh dprqj lqyhvwlqj
lq WF U)G/ lqyhvwlqj lq SL U)G dqg qrw lqyhvwlqj dw doo1 Lq vhfwlrq 7 L zloo
xvh wkh uhgxfhg irup ri wkh jdph sod|hg e| ￿upv wr ￿qg wkh vxejdph shuihfw
Qdvk htxloleuld1 Vhfwlrq 8 suhvhqwv d wzr0vwudwhj| jdph/ zlwk ￿upv idflqj wkh
elqdu| fkrlfh ehwzhhq lqyhvwlqj lq WF U)G ru qrw lqyhvwlqj1 Frqfoxvlrqv dqg






Hyhq li wkhuh lv d ydvw olwhudwxuh rq wkh hfrqrplf dvshfwv ri lqqrydwlyh df0
wlylw|/ wkh wrslf ri surgxfw yv1 surfhvv lqqrydwlrq kdv ehhq udwkhu qhjohfwhg1
Lq sduwlfxodu/ wkhuh kdyh ehhq rqo| ihz dwwhpswv wr h{sodlq zkdw idfwruv pljkw
eh lpsruwdqw lq gluhfwlqj U)G h{shqglwxuh wrzdugv surgxfw ru surfhvv lqqryd0
wlrq1 Lq idfw/ prvw prghov rq lqqrydwlrq ghdow sulpdulo| zlwk ryhudoo lqqrydwlyh
dfwlylw| +wkdw lv wkh vxp ri surgxfw dqg surfhvv lqqrydwlrq, ru zlwk rqh vsh0
fl￿f w|sh ri lqqrydwlyh dfwlylw| +hlwkhu surfhvv ru surgxfw,1 Udlqjdqxp +4<;<,
7dqg Gh Erqgw +4<<:, surylgh frpsuhkhqvlyh vxuyh|v rq wklv ￿hog1 Hpslulfdo
hylghqfh lqglfdwhv wkdw ￿upv xvxdoo| kdyh d sruwirolr ri U)G surmhfwv/ vrph
dlplqj dw surfhvv lqqrydwlrq/ vrph dw surgxfw lqqrydwlrq1 Lq pdq| pdunhwv/
krzhyhu/ exgjhw frqvwudlqwv pd| irufh pdqdjhuv wr fkrrvh zkhwkhu wr hpsor|
wkh dgydqfhv lq lqirupdwlrq whfkqrorj| wr surgxfh d qhz jrrg/ wkxv hqodujlqj
wkh fkrlfh iru wkh frqvxphuv/ ru wr hqvxuh d kljkhu udwh ri uhwxuq e| h{sorlwlqj
wkh jdlqv ghulylqj iurp d orzhu xqlw frvw1 Wklv idfw kdv ehhq udwkhu ljqruhg
lq lqgxvwuldo rujdql}dwlrq wkhru|/ zkloh lw kdv ehhq uhfhqwo| lqyhvwljdwhg lq wkh
exvlqhvv olwhudwxuh1 Dehuqdwk| dqg Xwwhuedfn +4<:;, sursrvhg d ￿whfkqrorjl0
fdo olih0f|foh￿ prgho lq zklfk ￿upv lqlwldoo| whqg wr gluhfw prvw ri wkhlu U)G
uhvrxufhv wr surgxfw lqqrydwlrq/ ehfdxvh wkh pdunhw srwhqwldo lv odujh1 Dv wkh
surolihudwlrq ri eudqg qhz surgxfwv ehfrphv h{fhvvlyh/ U)G sur￿wdelolw| idghv
dqg ￿upv vkliw iurp surgxfw wr surfhvv lqqrydwlrq1 Wkh frqfhsw ri surgxfw
olih0f|foh zdv uhfhqwo| wudqvodwhg lqwr d irupdo prgho e| Nohsshu +4<<9,/ zkr
kljkoljkwhg wkh uroh ri ￿up lqqrydwlyh fdsdelolwlhv dqg vl}h lq frqglwlrqlqj U)G
vshqglqj1 Wklv lvvxh udlvhg lqwhuhvwlqj txhvwlrqv dovr lq furvv0frxqwu| frpsdu0
lvrqv1 Lw lv iuhtxhqwo| dujxhg wkdw Mdsdqhvh ￿upv duh pruh rulhqwhg wrzdug
surfhvv lqqrydwlrq/ zkloh Zhvwhuq frxqwulhv frqfhqwudwh pruh rq surgxfw lqqr0
ydwlrq41 Vhyhudo h{sodqdwlrqv kdyh ehhq jlyhq wr vxfk d skhqrphqrq1 Doedfk
+4<<7, glvwlqjxlvkhv ehwzhhq d surfhvv0rulhqwdwlrq lq Mdsdq ghulylqj iurp wkh
Vdpxudl wudglwlrq dqg wkh uhvxow0rulhqwdwlrq lq Dphulfd dqg Hxursh ghulylqj
iurp Fdoylqlvwlf prudo ydoxhv1
Lq wklv sdshu L zloo olplw p| dqdo|vlv wr d vlqjoh pdunhw zkhuh rqo| wzr
￿upv rshudwh1 Wkh dlp lv wr vwxg| wkh fdxvhv wkdw gulyh ￿upv* vwudwhjlhv lq
ghflglqj zklfk nlqg ri U)G wr xqghuwdnh1 D xvhixo uhihuhqfh fdq eh irxqg lq
Urvhqnudq} +4<<9,/ zklfk frqvlghuv d wzr0vwdjh Frxuqrw gxrsro| prgho zlwk
krul}rqwdo gl￿huhqwldwlrq1 Surgxfw lqqrydwlrq lv wkhq frqvlghuhg dv d uhgxfwlrq
ri surgxfw vxevwlwxwdelolw|1 Lq wkh ￿uvw vwdjh ￿upv vlpxowdqhrxvo| fkrrvh wkh
surgxfw fkdudfwhulvwlf dqg wkh xqlw frvw/ zkloh lq wkh vhfrqg vwdjh wkh| fkrrvh
rxwsxwv1 Ghpdqg lv fkdudfwhul}hg e| suhihuhqfh iru surgxfw ydulhw|1 Wkh pdlq
uhvxow frqvlvwv lq wkh idfw wkdw ￿upv whqg wr doorfdwh pruh uhvrxufhv lq surgxfw
lqqrydwlrq zkhq= +l, frqvxphuv* zloolqjqhvv wr sd| lqfuhdvhv/ li wkh U)G h!0
flhqflhv ri wkh wzr nlqgv ri lqqrydwlrq duh vlplodu> +ll, pdunhw vl}h lqfuhdvhv1 Lq
erwk flufxpvwdqfhv/ lq idfw/ ￿upv fdq uhdfk d kljkhu sur￿w e| gl￿huhqwldwlqj
wkh surgxfwv wkdq e| uhgxflqj wkh frvwv1 Dv wkh qxpehu ri srwhqwldo frqvxphuv
lqfuhdvhv/ dqg2ru zkhq wkhvh frqvxphuv duh pruh zloolqj wr vshqg iru eudqg qhz
surgxfwv/ ￿upv suhihu wr hqodujh wkh ydulhw| ri wkh jrrgv r￿huhg lq wkh pdunhw/
wkxv gdpshqlqj sulfh frpshwlwlrq1 Ixuwkhupruh/ lq khu vwxg| Urvhqnudq} dovr
lqyhvwljdwhv wkh h￿hfwv ri U)G frruglqdwlrq rq wkh rswlpdo sursruwlrq ri lqqr0
ydwlyh dfwlylwlhv1 Lw lv vkrzq wkdw wkh fuhdwlrq ri frrshudwlyh djuhhphqwv gulyhv
￿upv* lqyhvwphqw wr surgxfw lqqrydwlrq1 Wkh lqfuhdvh lq h!flhqf| gxh wr wkh
holplqdwlrq ri zdvwhixo gxsolfdwlrq h￿hfwv lv odujhu wkhq wkh qhjdwlyh lpsdfw rq
￿upv* lqyhvwphqw lqfhqwlyh1 Lq p| dqdo|vlv L zloo iroorz wkh vdph vshfl￿fdwlrq
4Pdqv￿hog +4<;;,/ lq d frpsdudwlyh vwxg|/ dujxhv wkdw Mdsdqhvh ￿upv kdyh wudglwlrqdoo|
hqjdjhg pruh lq surfhvv lqqrydwlrq wkdq Dphulfdq ￿upv1
8ri surgxfw lqqrydwlrq dv d uhgxfwlrq ri surgxfw vxevwlwxwdelolw|/ exw L zloo xvh
d ohvv frqyhqwlrqdo w|sh ri surfhvv lqqrydwlrq1 L zloo lq idfw frqvlghu dq lqyhvw0
phqw lq wudqvsruw dqg frppxqlfdwlrqv/ dv L h{sodlqhg lq wkh suhylrxv vhfwlrq1
Pruhryhu/ Urvhqnudq} doorzv hdfk ￿up wr lqyhvw lq erwk w|shv ri lqqrydwlrq
vlpxowdqhrxvo|/ zkloh lq p| dssurdfk wkh fkrlfh ehwzhhq surfhvv ru surgxfw
lqqrydwlrq zloo eh pxwxdoo| h{foxvlyh1
Lq wkh ￿hog ri krul}rqwdo surgxfw gl￿huhqwldwlrq/ dqrwkhu lqwhuhvwlqj zrun lv
gxh wr Hvzdudq dqg Jdoolql +4<<9,/ zkr h{dplqh wkh uroh ri sdwhqw srolf| lq
uhgluhfwlqj wkh pl{ ri surgxfw dqg surfhvv lqqrydwlrq wrzdugv d pruh h!flhqw
whfkqrorjlfdo fkdqjh1 Ilupv zloo lq idfw hqjdjh lq wkhvh lqqrydwlrqv wr gl￿huhqw
ghjuhhv/ ghshqglqj rq wkh lqfhqwlyhv r￿huhg e| wkh pdunhw lq whupv ri sdwhqw
surwhfwlrq1 Lq wkhlu prgho U)G lv xqghuwdnhq e| wzr ￿upv/ lq vhtxhqfh1 Wkh
slrqhhu sdwurql}hv d qhz pdunhw zlwk d surgxfw lqqrydwlrq/ xvlqj d qhz ru dq
rog surfhvv/ zkloh wkh hqwudqw ghyhorsv d yduldqw ri lwv ulydo*v lqqrydwlrq1 Lq
devhqfh ri sdwhqw srolf|/ lw fdq eh vkrzq wkdw wkhuh lv dq h{fhvvlyh lqyhvwphqw
lq surgxfw lqqrydwlrq/ uhodwlyh wr wkh vrfldo rswlpxp1 Wkh uhdvrq olhv lq wkh
idfw wkdw surgxfw lqqrydwlrq uhod{hv frpshwlwlrq ehfdxvh lw hqvxuhv wkh suhvhqfh
ri uhodwlyho| kljk sulfhv lq d pdunhw zkhuh jrrgv duh pruh gl￿huhqwldwhg1 Wkh
jryhuqphqw fdq uhfwli| wklv glvwruwlrq wrzdug surgxfw lqqrydwlrq e| judqwlqj
zlghu sdwhqw euhdgwkv rq surfhvv lqqrydwlrq1
Rwkhu frqwulexwlrqv suhvhqw zhdnhu olqnv wr p| zrun/ pdlqo| ehfdxvh wkh|
frqvlghu wkh ghflvlrq zkhwkhu wr gluhfw U)G h{shqglwxuh wrzdug surgxfw ru
surfhvv lqqrydwlrq lq d yhuwlfdoo| gl￿huhqwldwhg pdunhw51 Surfhvv lqqrydwlrq lv
vwloo gh￿qhg dv d uhgxfwlrq lq wkh ￿up*v surgxfwlrq frvwv/ exw yhuwlfdo surgxfw
lqqrydwlrq lv frqfhlyhg dv dq lpsuryhphqw lq wkh txdolw| ri d ￿up*v surgxfw1 Lq
d uhfhqw duwlfoh/ Erqdqqr dqg Kdzruwk +4<<;, surylgh dq lqwhuhvwlqj gxrsro|
prgho zklfk h{sodlqv wkh U)G fkrlfh dffruglqj wr wkh w|sh ri frpshwlwlyh
uhjlph zkhuh ￿upv rshudwh +Frxuqrw yv1 Ehuwudqg,1 Wkhuh duh wzr ￿upv lq
wkh pdunhw/ dq lqqrydwru dqg d frpshwlwru dqg wkh| kdyh wr ghflgh zkhwkhu wr
sxuvxh surgxfw ru surfhvv lqqrydwlrq1 Wkh frvw lv vxssrvhg wr eh wkh vdph iru
erwk w|shv ri lqqrydwlrq dqg wkh lqyhvwphqw rssruwxqlw| lv wkhuhiruh sur￿wdeoh
li wkh h{shfwhg lqfuhdvh lq sur￿wv ghulylqj iurp wkh dgrswlrq ri wkh fkrvhq
lqqrydwlrq lv juhdwhu wkhq wkh frvw1 Wzr fdvhv duh frqvlghuhg/ dffruglqj wr wkh
nlqg ri lqqrydwru1 Zkhq wkh lqqrydwru lv d kljk txdolw| ￿up/ wkuhh vroxwlrqv
fdq dulvh= +l, erwk wkh Frxuqrw dqg wkh Ehuwudqg frpshwlwru lqyhvw lq surfhvv
lqqrydwlrq> ru +ll, erwk lqyhvw lq surgxfw lqqrydwlrq> ru +lll, wkh| pdnh gl￿huhqw
fkrlfhv/ wkh Frxuqrw frpshwlwru rswv iru surfhvv lqqrydwlrq zkloh wkh Ehuwudqg
frpshwlwru zloo idyru surgxfw lqqrydwlrq1 D Ehuwudqg frpshwlwru lv wkhq pruh
surqh wr fkrrvh surgxfw lqqrydwlrq wkdq wkh Frxuqrw frpshwlwru/ zklfk idyruv
surfhvv lqqrydwlrq1 Wkh rssrvlwh krogv zkhq wkh lqqrydwru lv d orz txdolw|
￿up dqg wkh Ehuwudqg frpshwlwru lv wkhuhiruh pruh zloolqj wr dgrsw surfhvv
lqqrydwlrq1 Edwwdjlrq dqg Whghvfkl +4<<;, frqvlghu d Ehuwudqg gxrsro| dqg
vwxg| wkh h￿hfwv ri wkh gl￿huhqw w|shv ri lqqrydwlrq rq wkh ghjuhh ri yhuwlfdo
5Wkh edvlf uhihuhqfh iru prghov ri yhuwlfdo gl￿huhqwldwlrq lv jlyhq e| Pxvvd dqg Urvhq
+4<:;,1
9gl￿huhqwldwlrq1 Wkh pdlq uhvxow lv wkdw d v|pphwulf dgrswlrq ri d surfhvv
lqqrydwlrq lqfuhdvhv yhuwlfdo gl￿huhqwldwlrq/ zkloh wkh rssrvlwh krogv lq fdvh ri
d v|pphwulf dgrswlrq ri surgxfw lqqrydwlrq1 Krzhyhu/ erwk frqwulexwlrqv gr
qrw h{solflwo| wdnh lqwr dffrxqw wkh srvvlelolw| ri vwudwhjlf lqwhudfwlrq ehwzhhq
￿upv1 Wkh iruphu frq￿qhv lwv dqdo|vlv wr wkh ghflvlrq ri hdfk ￿up vhsdudwho|/
zkloh wkh odwwhu lv olplwhg wr v|pphwulf fdvhv zkhuh ￿upv xqghuwdnh wkh vdph
w|sh ri U)G lqyhvwphqw1
D yhu| lqwhuhvwlqj dwwhpsw wr prgho wkh vwudwhjlf lqwhudfwlrq dprqj ￿upv
ghflglqj vlpxowdqhrxvo| zklfk w|sh ri lqqrydwlrq wr dgrsw lv jlyhq e| Ilolsslql
dqg Pduwlql +5333,1 Wkh| frqvlghu d wkuhh0vwdjh gxrsro| prgho zkhuh ￿upv
vhoo d gl￿huhqwldwhg jrrg1 Lq wkh ￿uvw vwdjh ￿upv ghflgh zkhwkhu wr lqyhvw lq
surfhvv ru lq surgxfw lqqrydwlrq/ lq wkh vhfrqg vwdjh wkh| vhohfw wkh txdolw|
dqg lq wkh odvw vwdjh wkh| sod| d Ehuwudqg jdph lq wkh pdunhw1 Wkuhh vxejdph
shuihfw Qdvk htxloleuld pd| dulvh/ wzr v|pphwulf/ zkhuh ￿upv vhohfw wkh vdph
w|sh ri lqqrydwlrq/ dqg rqh dv|pphwulf/ zkhuh wkh kljk txdolw| ￿up fkrrvhv
d surgxfw lqqrydwlrq/ zkloh wkh orz txdolw| ￿up fkrrvhv d surfhvv lqqrydwlrq1
Wkh ghwhuplqdqw ri vxfk htxloleuld lv zkdw wkh| fdoo dq lpsdfw lqgh{/ gh￿qhg
dv wkh udwlr ehwzhhq wkh frvw vdylqj h￿hfw gxh wr surfhvv lqqrydwlrq dqg wkh
txdolw| h￿hfw gxh wr surgxfw lqqrydwlrq1 Wkh vpdoohu wkh ydoxh ri wkh lqgh{
+l1h wkh juhdwhu lv wkh txdolw| h￿hfw,/ wkh pruh olnho| lv wkdw erwk ￿upv dgrsw
d surgxfw lqqrydwlrq dqg ylfhyhuvd1 Wkh dv|pphwulf htxloleulxp ghvhuyhv d
ixuwkhu h{sodqdwlrq1 Wkh kljk txdolw| ￿up kdv pruh lqfhqwlyhv wr vhoo kljkhu
txdolw| jrrgv dqg wkhq lw lv wkh ￿uvw wr dgrsw d surgxfw lqqrydwlrq1 Wklv
mxvwl￿hv wkh suhvhqfh ri dq lqwhuydo ri wkh lpsdfw lqgh{ zkhuh ￿upv fkrrvh
dv|pphwulfdoo|1 Wkh deryh htxloleuld kdyh dovr gl￿huhqw lpsdfwv rq wkh ghjuhh
ri yhuwlfdo gl￿huhqwldwlrq/ zklfk lqfuhdvhv rqo| li ￿upv dgrsw gl￿huhqw w|shv ri
lqqrydwlrq1 Dv d frqvhtxhqfh/ wkh lqwhqvlw| ri frpshwlwlrq lv qrw uhod{hg e| wkh
v|pphwulf lqyhvwphqw ri hdfk w|sh ri lqqrydwlrq exw wkurxjk wkh fuhdwlrq ri dq
h!flhqf| jds1
Ilqdoo|/ Odpehuwlql dqg Ruvlql +5333, dqdo|vh wkh lqfhqwlyh wr lqwurgxfh sur0
fhvv dqg surgxfw lqqrydwlrq lq d yhuwlfdo gl￿huhqwldwhg prqrsro|1 E| hydoxdwlqj
wkh vrfldo sodqqlqj djdlqvw wkh prqrsro| rswlpxp/ wkh dxwkruv vkrz wkdw wkh
vrfldo lqfhqwlyh wrzdugv erwk nlqgv ri lqqrydwlrq lv dozd|v odujhu wkdq wkh pr0
qrsrolvwv* sulydwh lqfhqwlyhv1 Wklv uhvxow kdv vrph uhohydqw lpsolfdwlrqv rq wkh
dvvhvvphqw ri wkh vrfldo lqh!flhqf| ri prqrsro| lq d zd| wkdw kdv ehhq ryhu0
orrnhg vr idu/ jlyhq wkdw wkh h{lvwlqj olwhudwxuh kdv shuiruphg vxfk dq hydoxdwlrq
iru d jlyhq whfkqrorj|1
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L dqdo|vh d gxrsro| zkhuh wzr ￿upv/ l dqg m/ frpshwh qrq0frrshudwlyho|
lq d wzr0vwdjh iudphzrun lq d Frxuqrw vhwwlqj1 Lq wkh ￿uvw vwdjh wkh| pd|
ghflgh wr lqyhvw hlwkhu lq wudqvsruw dqg frppxqlfdwlrq +WF, ru lq surgxfw
lqqrydwlrq +SL, U)G1 Surgxfw lqqrydwlrq lv frqfhlyhg lq dq krul}rqwdo vhqvh dv
d uhgxfwlrq ri surgxfw vxevwlwxwdelolw|1 Wkh vhfrqg vwdjh lv wkh pdunhw vwdjh
:dqg ￿upv vhw txdqwlwlhv1 L wkhq xvh edfnzdug lqgxfwlrq wr vroyh wkh jdph dqg
jhw vxejdph shuihfwlrq1 Lq rwkhu zrugv/ ￿upv pd| sulruo| frpplw wkhpvhoyhv
wr dq lqyhvwphqw lq U)G dqg wkhq wkh| frpshwh lq wkh pdunhw e| fkrrvlqj
wkh sur￿w0pd{lpl}lqj txdqwlw|1 Wkh edvlf ihdwxuh lv wkdw dw wkh yhu| ehjlqqlqj
erwk ￿upv kdyh wr fkrrvh ehwzhhq xqghuwdnlqj U)G ru qrw1 Lq wkh iruphu fdvh/
wkh| kdyh dovr wr ghflgh zkhwkhu ghyrwlqj wkh U)G h{shqglwxuh wr surfhvv ru
wr surgxfw lqqrydwlrq1 Lq p| prgho/ wkh| fdq wkxv hlwkhu lqyhvw lq SL ru lq WF1
L dvvxph lq idfw wkdw/ jlyhq wr exgjhw frqvwudlqwv/ wkh| fdq xqghuwdnh rqo| rqh
w|sh ri U)G lqyhvwphqw/ zlwk fdslwdo h{shqglwxuh uhsuhvhqwhg e| nA3 lq erwk
fdvhv1
Lq rughu wr exlog p| prgho/ L dgrsw d prgl￿hg yhuvlrq ri wkh olqhdu gxrsro|
prgho xvhg e| Gl{lw +4<:<,/ Vlqjk dqg Ylyhv +4<;7, dqg pdq| rwkhuv1 Zlwkrxw
orvv ri jhqhudolw|/ L dvvxph xqlwdu| uhvhuydwlrq sulfh dqg frqvwdqw pdujlqdo frvwv
htxdo wr f1 Ghpdqg ixqfwlrqv duh wkhq jlyhq e|=
sl @4￿ wl tl ￿ ￿w m tm +4,
sm @4￿ wm tm ￿ ￿w l tl +5,
zkhuh tl +tm, lv wkh txdqwlw| surgxfhg e| ￿up l +m,/ zkloh wl +wm,5 ‘3>4‘
lqglfdwhv wkh iudfwlrq ri wkh surgxfw vklsshg e| ￿up l +m, zklfk duulyhv dw ghv0
wlqdwlrq1 Jlyhq wkdw L frqvlghu wzr v|pphwulf vlqjoh0surgxfw ￿upv/ wkh dqdo|vlv
fdq eh vlpsol￿hg e| dvvxplqj wkdw wl @ wm @ w1 Wkh suhvhqfh ri wudqvsruw frvwv
frqvwlwxwhv wkh pdlq ghsduwxuh iurp vwdqgdug gxrsro| prghov1 L zloo frph edfn
odwhu wr wklv srlqw1 Ilqdoo|/ wkh sdudphwhu ￿ 5 ^3>4‘ uhsuhvhqwv surgxfw vxevwl0
wxwdelolw| dv shufhlyhg e| frqvxphuv1 Wkh ghjuhh ri surgxfw gl￿huhqwldwlrq
ghfuhdvhv zlwk wkh sdudphwhu ￿=d v￿ $ 4/ surgxfwv ehfrph shuihfw vxevwlwxwhv/
zkloh dv ￿ $ 3 ￿upv h￿hfwlyho| ehfrph prqrsrolvwv dqg surgxfw gl￿huhqwldwlrq
lv dw kljkhvw1
Ohw ph eulh | h{sodlq wkh edvlf frqvhtxhqfhv dvvrfldwhg wr wkh wzr nlqgv ri
lqqrydwlrqv frqvlghuhg1 Rq wkh rqh kdqg/ dv L phqwlrqhg deryh/ e| lqyhvwlqj
lq WF d ￿up fdq lpsuryh khu h!flhqf| lq uhdfklqj wkh frqvxphuv1 Wudqvsruw
dqg frppxqlfdwlrq frvwv duh dvvxphg wr eh ri wkh clfhehuj* irup lqyhqwhg e|
Vdpxhovrq +4<87, dqg zlgho| xvhg lq wudgh wkhru| +Khospdq dqg Nuxjpdq/
4<;8> Nuxjpdq/ 4<<3,1 Gl￿huhqw phwkrgv kdyh ehhq vxjjhvwhg wr irupdol}h
vxfk frvwv1 Lq pdq| lqwhuqdwlrqdo wudgh prghov wkh| duh lqfoxghg lq wkh frvw
ixqfwlrq> lq Eudqghu dqg Nuxjpdq +4<;6,/ iru h{dpsoh/ grphvwlf pdujlqdo frvw
lv d frqvwdqw f/ zkloh wkh pdujlqdo frvw ri h{sruw lv f@w/ w 5 ^3>4‘1 L wklqn
wkdw vxfk dq dssurdfk zrxog eh dssursuldwh li L frqvlghuhg d sxuh surfhvv0
lqqrydwlqj U)G lqyhvwphqw1 Exw lq p| prgho L zloo wuhdw d sduwlfxodu nlqg
ri surfhvv lqqrydwlrq/ zklfk lq xhqfhv wkh txdqwlw| h￿hfwlyho| vklsshg1 Dv d
frqvhtxhqfh/ zkhq d txdqwlw| tl +tm, lv surgxfhg/ rqo| d iudfwlrq w 5 ‘3>4‘ ri
;wkh surgxfw uhdfkhv wkh frqvxphu61 Wklv lv wkh zd| lq zklfk L irupdol}hg wkh
wudqvsruw frvwv lq wkh deryh ghpdqg ixqfwlrqv1 Iru wkh vdnh ri vlpsolflw|/ L
dvvxph wkdw dq lqyhvwphqw lq WF U)G ri d ￿{hg dprxqw n hqdeohv wkh ￿up wr
gholyhu wkh hqwluh surgxfw wr khu fxvwrphuv/ wkxv qr sruwlrq lv orvw lq wkh zd|
+w @4 , 1 Lq wkh fdvh zkhuh wkh ￿up grhv qrw lqyhvw lq WF/ vkh zloo gholyhu rqo|
d sruwlrq w 5 ‘3>4^ ri wkh surgxfw1 L pljkw wklqn ri +4 ￿ w, dv wkh ￿zdvwh￿ ri
surgxfw gxulqj wkh iuhljkw surfhvv1 Wkh lqlwldo w lv wkhq h{rjhqrxvo| jlyhq dqg
lw fdq eh frqfhlyhg lq whupv ri wkh vwdwh ri sxeolf idflolwlhv dqg lqiudvwuxfwxuhv/
zklfk lv frpprq iru erwk ￿upv1 Qrqhwkhohvv/ wkurxjk d sulydwh lqyhvwphqw lq
WF/ hdfk ￿up fdq lpsuryh khu delolw| lq uhdfklqj wkh frqvxphuv1
Rq wkh rwkhu kdqg/ lq wkh fdvh ri lqyhvwphqw lq SL/ d ￿up fdq ghfuhdvh
wkh ghjuhh ri vxevwlwxwdelolw| ehwzhhq khu rzq surgxfw dqg wkh ulydo*v rqh1
Vwduwlqj iurp d vlwxdwlrq ri krprjhqhlw| +￿ @4 ,/ L dvvxph wkdw wkh ohyho ri
wkh vxvevwlwxwlrq sdudphwhu ￿ ghfuhdvhv iurp rqh wr d orzhu ohyho ￿4 5‘3>4^ li
rqo| rqh ￿up lqyhvwv lq surgxfw lqqrydwlrq dqg iurp rqh wr ￿5 ?￿ 4/ ￿5 5‘3>4^/
li erwk ￿upv lqyhvw1 Wklv uh hfwv wkh h{whuqdolw| eurxjkw derxw e| surgxfw
lqqrydwlrq1 Lq rwkhu zrugv/ surgxfwv ehfrph pruh gl￿huhqwldwhg lq wkh fdvh ri
erwk ￿upv lqyhvwlqj lq SL wkdq lq wkh fdvh zkhuh rqo| rqh ￿up grhv wkdw1
Jlyhq wkh iudphzrun deryh/ L wkhuhiruh frqvlghu gl￿huhqw fdvhv dffruglqj wr
wkh lqyhvwphqw fkrlfh ri ￿upv1 Wklv zloo fryhu doo wkh srvvleoh frpelqdwlrqv ri
wkh Frxuqrw pdunhw vwdjh1 Ghpdqg ixqfwlrqv zloo eh rewdlqhg iurp 4 dqg 5 e|
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Lq wklv fdvh surgxfwv duh krprjhqhrxv +￿ @4 , dqg wudqvsruw frvwv d￿hfw
erwk ￿upv* vklsslqj delolw|1 Ghpdqg ixqfwlrqv duh jlyhq e|=
sl @+ 4￿ wtl ￿ wtm, +6,
sm @ +4 ￿ wtm ￿ wtl,= +7,
Sur￿w ixqfwlrqv duh wkhq=
￿l @ +4 ￿ wtl ￿ wtm,wtl ￿ ftl
￿m @ +4 ￿ wtm ￿ wtl,wtm ￿ ftm=
6Dqrwkhu zd| wr prgho wkh lfhehuj whfkqrorj| lv wkdw zkhq ^￿ lv vklsshg/ rqo| d iudfwlrq
^￿*| duulyhv dw ghvwlqdwlrq/ zlwk |:￿1
<Lw fdq eh qrwlfhg wkdw wklv lv d v|pphwulf fdvh zklfk vlpsol￿hv wkh fdofx0







Qrq0qhjdwlylw| frqvwudlqwv rq txdqwlwlhv lpso| wkdw t￿
l @ t￿
m ￿ 3 li w ￿ f1E |
vxevwlwxwlqj wkh ydoxhv ri t￿
l @ t￿








zkhuh wkh vxshuvfulsw D lqglfdwhv wkh fdvh xqghu frqvlghudwlrq1
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Vxssrvh wkdw ￿up m lqyhvwv lq WF zkloh ￿up l grhv qrw lqyhvw dw doo +fdvh
E,1 Khqfh/ lq wklv fdvh/ wkhuh lv rqo| rqh ￿up wkdw xqghuwdnhv U)G lqyhvwphqwv1
Pruh suhflvho|/ ￿up m ghflghv wr doorfdwh uhvrxufhv wr wkh wudqvsruw dqg frp0
pxqlfdwlrq lqqrydwlyh dfwlylw| zlwk wkh dlp ri vklsslqj wkh hqwluh surgxfw wr
khu frqvxphuv1 Rq wkh frqwudu|/ ￿up l grhv qrw xqghuwdnh dq| w|sh ri U)G
lqyhvwphqw1
Ghpdqg ixqfwlrqv fdq wkhq eh zulwwhq dv=
sl @ +4 ￿ wtl ￿ tm, +9,
sm @+ 4￿ tm ￿ wtl,= +:,
Sur￿w ixqfwlrqv duh wkhq=
￿l @ +4 ￿ wtl ￿ tm,wtl ￿ ftl
￿m @ +4 ￿ tm ￿ wtl,tm ￿ ftm ￿ n=







Vhfrqg rughu frqglwlrqv duh dozd|v vdwlv￿hg/ dv lw fdq eh hdvlo| fkhfnhg lq wklv dqg vxevhtxhqw
fdvhv1








f . w ￿ 5fw
6w
Qrq0qhjdwlylw| frqvwudlqwv rq txdqwlwlhv lpso| wkdw t￿
l ￿ 3 li w ￿ 5f
4.f dqg
t￿
m ￿ 3 li w ￿ f
5f￿4 1 E| frpsdulqj wkh wzr wkuhvkrog ydoxhv lw fdq eh hdvlo|
vkrzq wkdw 5f
4.f A f
5f￿4 dqg wkhuhiruh wkh elqglqj frqvwudlqw lv w ￿ 5f
4.f= Ilqdoo|/
htxloleulxp wrwdo sur￿wv duh jlyhq e|=
￿E
l @





f5 +4 ￿ 5w,
5 .5 fw+4 ￿ 5w, . w5
<w5 ￿ n= +<,
Lq fdvh G/ ￿up m lqyhvwv lq WF zkloh ￿up l grhv qrw lqyhvw dw doo1 Lw fdq
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Vxssrvh wkdw ￿up m lqyhvwv lq U)G wr ghfuhdvh wkh ghjuhh ri vxevwlwxwdelo0
lw|/ zkloh ￿up l grhv qrw lqyhvw dw doo +fdvh F,1 Ghpdqg ixqfwlrqv duh wkhq=
sl @ +4 ￿ wt l ￿ w￿4 tm, +43,
sm @ +4 ￿ wt m ￿ w￿4 tl, +44,
Wrwdo sur￿wv duh=
8Lq wklv fdvh ^W
￿ dqg ^W
￿ dv zhoo dv wkh frqvhtxhqw qrq0qhjdwlylw| frqvwudlqwv duh wkh uhyhuvh
ri wkh rqhv lq fdvh E/ dv lw fdq eh hdvlo| fkhfnhg1
44￿l @+ 4￿ wt l ￿ w￿4 tm, wt l ￿ ft l







Qrq0qhjdwlylw| frqvwudlqwv rq txdqwlwlhv lpso| wkdw t￿
l @ t￿
m ￿ 3 li w ￿ f1












5 w5 ￿ n +46,
Dv lw fdq eh qrwlfhg/ lq wklv fdvh sur￿wv duh odujhu iru wkh ￿up zklfk grhv
qrw lqyhvw lq surgxfw lqqrydwlrq/ ehfdxvh vkh h{sorlwv wkh srvlwlyh h{whuqdol0
wlhv eurxjkw derxw e| wkh lqyhvwphqw ri wkh rwkhu ￿up zlwkrxw ehdulqj dq|
dgglwlrqdo frvw1
Lq fdvh J/ ￿up l lqyhvwv lq SL zkloh ￿up m grhv qrw lqyhvw dw doo1 E| vlpso|
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Wklv lv wkh v|pphwulf fdvh zkhuh erwk ￿upv xqghuwdnh WF U)G1 Wudqvsruw
frvwv duh frpsohwho| holplqdwhg e| erwk ￿upv dqg wkh ghpdqg ixqfwlrqv duh wkhq
jlyhq e|=
sl @ +4 ￿ tl ￿ tm, +47,
sm @ +4 ￿ tm ￿ tl,= +48,
9Lq wklv fdvh ^W
￿ dqg ^W
￿ duh wkh uhyhuvhv ri wkh rqhv lq fdvh F1 Ixuwkhupruh/ qrq0qhjdwlylw|
frqvwudlqwv rq txdqwlwlhv lpso| wkdw ^W
￿ ’ ^W
￿ D f li | D S/d vl qf d v hF 1
45Wrwdo sur￿wv duh=
￿l @+ 4￿ tl ￿ tm, tl ￿ ft l ￿ n
￿m @+ 4￿ tm ￿ tl, tm ￿ ft m ￿ n=
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Vxssrvh ￿up l lqyhvwv lq WF zkloh ￿up m lqyhvwv lq SL +fdvh I,1L qw k l v
dv|pphwulf fdvh ￿up l holplqdwhv khu wudqvsruw frvwv/ zkloh ￿up m lqwurgxfhv
surgxfw gl￿huhqwldwlrq1 Ghpdqg ixqfwlrqv duh jlyhq e|=
sl @+ 4￿ tl ￿ w￿ 4 tm, +4:,
sm @ +4 ￿ wt m ￿ ￿4 tl,= +4;,
Sur￿w ixqfwlrqv duh wkhq=
￿l @ +4 ￿ tl ￿ w￿4tm, tl ￿ ft l ￿ n
￿m @ +4 ￿ wt m ￿ ￿4tl, wt m ￿ ft m ￿ n=




















Lw fdq eh hdvlo| suryhg wkdw t￿
l ￿ 3 lq wkh dgplvvdeoh uhjlrq ri sdudp0
hwhuv: dqg t￿

































Lq fdvh K/ ￿up l lqyhvwv lq SL zkloh ￿up m lqyhvwv lq WF1 E| vlpso| lqyhuwlqj
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Wklv lv wkh v|pphwulf fdvh zkhuh erwk ￿upv lqyhvw lq surgxfw lqqrydwlrq1
Qrwlfh wkdw/ gxh wr dq h{whuqdolw| h￿hfw/ wkh ghjuhh ri vxevwlwxwdelolw| lv ￿5 ?￿ 4/
l1h1 surgxfwv duh pruh gl￿huhqwldwhg wkdq lq wkh fdvh zkhuh rqo| rqh ￿up lqyhvwv
lq SL1
Ghpdqg ixqfwlrqv duh wkxv=
sl @ +4 ￿ wt l ￿ w￿5tm, +54,
sm @ +4 ￿ wt m ￿ w￿5tl, +55,
:Wklv kdv ehhq suryhg iru gl￿huhqw ydoxhv ri | M Efc￿o e| xvlqj sorwv lq wkuhh glphqvlrqv1
Wkh yhuwlfdo d{lv phdvxuhg wkh ydoxh ri ^￿/ zkloh wkh krul}rqwdo d{hv uhsruwhg wkh ydoxhv ri
wkh sdudphwhuv S M Efc￿o dqg ￿￿ M Efc￿￿￿ Vlpxodwlrq dqdo|vlv fryhuv d vx!flhqwo| odujh udqjh
ri sdudphwhuv wr jhqhudol}h wkh uhvxowv1
;Htxloleulxp txdqwlwlhv dqg frqvhtxhqw qrq0qhjdwlylw| frqvwudlqwv duh wkh uhyhuvhv ri wkh
rqhv lq fdvh I1
47Wrwdo sur￿wv duh=
￿l @+ 4￿ wt l ￿ w￿5tm, wt l ￿ ft l ￿ n
￿m @+ 4￿ wt m ￿ w￿5tl, wt m ￿ ft m ￿ n






zklfk duh qrq0qhjdwlyh iru w ￿ f1 Wkh htxloleulxp wrwdo sur￿wv












 ,  - "
Lq wkh suhylrxv vhfwlrq L ghwhuplqhg wkh htxloleulxp sur￿wv uhvxowlqj iurp
wkh gl￿huhqw frpelqdwlrqv ri wkh U)G vwudwhjlhv xqghuwdnhq e| wkh wzr ￿upv1
Wkh uhgxfhg irup ri wzr vwdjh 60vwudwhj| jdph lv uhsuhvhqwhg lq qrupdo irup lq
pdwul{ 4 ehorz1 Ehiruh frpsdulqj wkh sur￿w ohyhov wr ￿qg wkh Qdvk0htxloleulxp
ri wkh jdph/ L zloo frqvlghu wkh ihdvlelolw| frqglwlrqv ghulylqj iurp qrq0qhjdwlylw|
frqvwudlqwv rq txdqwlwlhv1 Wkh dlp lv wr uhdfk d xqltxh wkuhvkrog ydoxh zklfk hq0
vxuhv wkh vxvwdlqdelolw| ri wkh jdph xqghu frqvlghudwlrq1 Htxloleulxp txdqwlwlhv
duh qrq0qhjdwlyh iru f ￿ 4 +fdvh H,/ w ￿ f +fdvhv D/ F/ J dqg L,</ w ￿ 5f
4.f +fdvhv




+fdvhv I dqg K,1 Vlpsoh frpsxwdwlrqv doorz ph wr











zklfk lv reylrxvo| vxemhfw wr wkh frqglwlrq w?41
<Wklv frqglwlrq pd| eh lqwhusuhwhg dv wkh qrq0qhjdwlylw| ri wkh pdujlqdo uhyhqxhv iru wkh
surgxfw vklsshg1
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Lq zkdw iroorzv/ L zloo vlpsoli| wkh fdofxodwlrqv e| ￿{lqj wkh ydoxhv ri wkh
sdudphwhu ￿1 L zloo lq idfw dvvxph wkdw dq lqyhvwphqw ohyho n lq Surgxfw Lqqr0
ydwlrq eulqjv derxw d surgxfw gl￿huhqwldwlrq htxdo wr 4@7 ryhu 41 Dv d frqvh0
txhqfh/ zkhq rqo| rqh ￿up lqyhvwv lq SL/ ￿4 @6 @7/ zkloh lw ehfrphv ￿5 @4 @5
zkhq erwk ￿upv lqyhvw lq SL1 Wkh wkuhvkrog ydoxh ehfrphv wkhq w @ 5f
8@7. 6@7f 1
Ixuwkhupruh/ jlyhq wr wkh frpsoh{lw| ri wkh fdofxodwlrqv lqyroyhg/ L zloo uhvruw
wr judsklfdo vlpxodwlrq lq rughu wr frpsduh wkh sur￿wv zlwklq wkh dgplvvdeoh
uhjlrq ri wkh sdudphwhuv frqvlghuhg431
Lq d Frxuqrw gxrsro| jdph zkhuh ￿upv idfh gl￿huhqw nlqgv ri U)G lqyhvw0
phqwv/ d ydulhw| ri Qdvk htxloleuld dulvhv/ ghshqglqj rq wkh uhodwlyh h!flhqf| ri
wkh U)G h{shqglwxuh1 Jlyhq wkdw L ￿{hg wkh vxevwlwxwdelolw| sdudphwhu ￿/v x f k
dq h!flhqf| fdq ph phdvxuhg e| frpelqlqj wkh lqlwldo ydoxh ri wkh shufhqwdjh
ri surgxfw vklsshg +phdvxuhg e| w, zlwk wkh frvw ri wkh U)G lqyhvwphqw +phd0
vxuhg e| wkh ohyho ri n,1 L zloo olplw p| dqdo|vlv wr wkh vwxg| ri Qdvk htxloleuld
lq sxuh vwudwhjlhv1 Wkh iroorzlqj sursrvlwlrq vxppdul}hv wkh pdlq uhvxowv=
Sursrvlwlrq 4 +l, Iru uhodwlyho| vpdoo ydoxhv ri w/ wkh jdph kdv d QH lq
grplqdqw vwudwhjlhv zkhuh erwk ￿upv lqyhvw lq WF li wkh frvw n lv orz1 Iru yhu|
orz ohyhov ri n/ ixuwkhupruh/ vxfk dq htxloleulxp wxuqv rxw wr eh dovr Sduhwr
h!flhqw1 Dv n voljkwo| lqfuhdvhv/ wkh jdph vkrzv d Sulvrqhu*v Glohppd/ ehfdxvh
wkh djjuhjdwh sd|r￿ zrxog eh pd{lpl}hg e| erwk ￿upv qrw lqyhvwlqj dw doo1 Iru
lqwhuphgldwh ydoxhv ri n/ wkh jdph ehfrphv d Fklfnhq Jdph dqg wkhuh duh wzr
dv|pphwulf htxloleuld r￿ wkh sulqflsdo gldjrqdo lq zklfk rqo| rqh ￿up lqyhvwv lq
WF1 Ilqdoo|/ iru kljk ydoxhv ri n/ wkh jdph vkrzv d QH lq grplqdqw vwudwhjlhv
zkhuh erwk ￿upv ghflgh qrw wr lqyhvw dw doo lq U)G1
+ll, Iru lqwhuphgldwh ydoxhv ri w/ wkh jdph suhvhqwv djdlq d QH zkhuh erwk
￿upv lqyhvw lq WF li wkh frvw n lv orz1 Krzhyhu/ vxfk dq htxloleulxp lv do0
zd|v qrw Sduhwr h!flhqw dqg wkh jdph vkrzv wkhq d Sulvrqhu*v Glohppd1 Dv
w voljkwo| lqfuhdvhv/ jlyhq d orz n/ wkhuh duh wzr QH dorqj wkh sulqflsdo gldjr0
qdo1 Erwk ￿upv hlwkhu lqyhvw lq WF ru lq SL/ wkxv jlylqj ulvh wr d Frruglqdwlrq
43Fdofxodwlrqv dqg vlpxodwlrqv zloo eh frpsxwhg e| xvlqj wkh surjudp Pdwkhpdwlfd
+Zroiudp/4 < < 4 ,1
49Jdph1 Zkhq n lqfuhdvhv/ wkhuh lv d Fklfnhq jdph zkhuh rqo| rqh ￿up dowhuqd0
wlyho| lqyhvwv lq SL1 Pruhryhu/ wkhuh h{lvwv d yhu| vpdoo lqwhuydo zlwk wkuhh Qdvk
htxloleuld/ wzr dv|pphwulf/ +SL/ 3, dqg +3/ SL,/ dqg rqh v|pphwulf/ zkhuh
erwk ￿upv lqyhvw lq WF1 Ilqdoo|/ iru kljk ydoxhv ri n wkhuh lv dq htxloleulxp
lq grplqdqw vwudwhjlhv zkhuh ￿upv gr qrw lqyhvw lq U)G1 Vxfk htxloleulxp lv
Sduhwr0h!flhqw rqo| iru yhu| kljk ohyhov ri n/ rwkhuzlvh ￿upv zrxog pd{lpl}h
wkhlu djjuhjdwh sur￿w e| lqyhvwlqj lq SL1
+lll, Iru uhodwlyho| kljk ydoxhv ri w/ wkhuh lv d QH lq grplqdqw vwudwhjlhv
zkhuh erwk ￿upv lqyhvw lq SL iru orz ohyhov ri n1 Vxfk dq htxloleulxp lv Sduhwr0
h!flhqw iurp wkh ￿upv* vwdqgsrlqw1 Dv n ulvhv/ wkhuh lv djdlq d Fklfnhq jdph
zkhuh rqo| rqh ￿up dowhuqdwlyho| xqghuwdnhv SL1 Ilqdoo|/ iru kljk ydoxhv ri n/
wkh jdph vkrzv d QH lq grplqdqw vwudwhjlhv zkhuh erwk ￿upv ghflgh qrw wr
lqyhvw dw doo lq U)G1 Vxfk d QH wxuqv rxw wr eh Sduhwr0h!flhqw rqo| iru yhu|
kljk ydoxhv ri n/ rwkhuzlvh lw jhqhudwhv d Sulvrqhu*v Glohppd/ jlyhq wkdw wkh
djjuhjdwh sd|r￿ ri ￿upv zrxog eh vwloo pd{lpl}hg e| lqyhvwlqj lq SL1
& )" ,
Wkh irupdo surri lv glylghg lq 6 sduwv= lq wkh ￿uvw sduw L zloo frpsduh wkh
sur￿wv dsshdulqj lq wkh sulqflsdo gldjrqdo> lq wkh vhfrqg sduw L zloo frqvlghu
￿upv* ehvw uhvsrqvhv jlyhq wkh fkrlfh ri wkh ulydo/ zkloh lq wkh wklug sduw L
zloo orrn iru wkh Qdvk htxloleuld ri wkh jdph1 Dv L zloo vkrz/ ghshqglqj rq wkh
uhodwlrq ehwzhhq wkh lqlwldo ydoxh ri wkh shufhqwdjh ri surgxfw vklsshg +phdvxuhg
e| w, dqg wkh frvw ri lqyhvwphqw +phdvxuhg e| wkh ohyho ri n,/ d ydulhw| ri Qdvk
htxloleuld zloo dulvh1 L zloo lq idfw ￿qg htxloleuld lq zklfk erwk ￿upv lqyhvw
lq WF/ erwk lqyhvw lq SL/ erwk ghflgh qrw wr lqyhvw dw doo ru zkhuh rqo| rqh
xqghuwdnhv hlwkhu WF ru SL dqg wkh rwkhu grhv qrw lqyhvw1 Ohw ph qrz surfhhg
zlwk wkh frpsdulvrq ri wkh sur￿wv ri Pdwul{ 41
71414 Wkh sulqflsdo gldjrqdo
Lq wklv suholplqdu| vwhs L zloo frpsduh wkh sur￿wv dffuxlqj wr ￿upv zkhq
wkh| xqghuwdnh wkh vdph vwudwhj|1 Wklv sduw zloo wxuq rxw wr eh sduwlfxoduo|
xvhixo lq wkh h{0srvw hydoxdwlrq ri wkh vwudwhjlf ehkdylrxu wdnhq e| ￿upv1 Lq
sduwlfxodu/ L zloo eh deoh wr frpsduh wkh v|pphwulf fkrlfhv wkdw duh h{foxghg dv
htxloleuld ri wkh qrqfrrshudwlyh jdph1
Wkh pdlq uhvxowv dsshdulqj lq wklv ￿uvw sduw duh=
￿D
l>m ?￿ H
l>m li n ? n4> +57,
￿D
l>m ?￿ L
l>m li n ? n5> +58,
￿H
l>m A￿ L
l>m li w?w?w 4 dqg ￿H
l>m ?￿ L











wkh qrwdwlrq1 Ixuwkhupruh/ lw fdq eh hdvlo| suryhg wkdw wkh vdph wkuhvkrog ydoxh
ri w fdq eh xvhg wr glvfulplqdwh ehwzhhq n4 dqg n51 Dv d frqvhtxhqfh=
n4 An 5 li w?w?w 4 dqg n4 ?n 5 li w4 ?w?4 +5:,
Wkh fdofxodwlrqv dqg wkh suhflvh ydoxhv ri wkh wkuhvkrog ohyhov ri n dqg w duh
uhsruwhg lq Dsshqgl{ 41D1 Dv lw fdq eh hdvlo| qrwlfhg/ wkh frpsdulvrq ehwzhhq
￿D
l>m dqg hlwkhu ￿H
l>m ru ￿L
l>m lv qrw yhu| gl!fxow1 Lw lv lq idfw vx!flhqw wr ￿qg wkh
wkuhvkrog ohyho ri n zklfk glvfulplqdwhv ehwzhhq wkh sur￿wv frqvlghuhg1 Iru orz
ydoxhv ri n erwk ￿upv zrxog jdlq dq kljkhu sur￿w li wkh| lqyhvw lq rqh ri wkh
wzr w|shv ri U)G/ zkloh iru kljkhu ydoxhv ri n wkh| suhihu qrw wr lqyhvw dw doo1
Dv iru wkh v|pphwulf sur￿wv dvvrfldwhg wr gl￿huhqw w|shv ri U)G lqyhvwphqwv
+￿H
l>m yv1 ￿L
l>m,/ wkh ohyho ri n lv xvhohvv lq wkh frpsdulvrq ehwzhhq wkh wzr
sd|r￿v1 L dvvxphg lq idfw wkdw erwk wkh lqyhvwphqw lq WF dqg wkh rqh lq SL
uhtxluh wkh vdph dprxqw ri uhvrxufhv1 L kdyh wkhq wr uhvruw wr wkh dqdo|vlv ri wkh
h￿hfwlyhqhvv ri vxfk lqyhvwphqwv dqg wklv fdq eh grqh e| orrnlqj dw wkh ydoxh ri
wkh lqlwldo w1 Iru orz ydoxhv ri w +w?w 4,/ ￿upv zrxog suhihu wr lqyhvw lq WF/ wkxv
jdlqlqj iurp d odujh lqfuhdvh lq wkh shufhqwdjh zklfk duulyhv dw ghvwlqdwlrq1 Iru
dq| ￿{hg ohyho n/ wkh orzhu wkh lqlwldo w/ wkh pruh h!flhqw wkh WF U)G lv/ jlyhq
wkdw L dvvxphg wkdw vxfk lqyhvwphqw hqdeohv wkh ￿up wr holplqdwh wkh iuhljkw
frvwv/ wkxv gholyhulqj wkh hqwluh surgxfw +w @4 ,1 Rq wkh frqwudu|/ zkhq w lv
kljk +wAw 4,/ wkh| zrxog jdlq dq kljkhu sur￿w e| doorfdwlqj uhvrxufhv wr SL1 E|
vshqglqj n rq WF wkh| zrxog lq idfw rqo| lqfuhdvh w e| d vpdoohu shufhqwdjh wkdq
ehiruh dqg wklv lv wkh uhdvrq zk| wkh| suhihu wr gl￿huhqwldwh wkhlu surgxfwv/ wkxv
uhod{lqj wkh frpshwlwlrq rq wkh pdunhw1 Dv iru wkh uroh sod|hg e| wkh pdujlqdo
frvw f/ qxphulfdo vlpxodwlrqv vkrz wkdw erwk wkh ydoxh ri w dqg wkh ydoxh ri
w4 lqfuhdvh zkhq f lqfuhdvh1 Lq sduwlfxodu/ zkhq wklv kdsshqv/ wkh ihdvlelolw|
lqwhuydo vkulqnv dqg wkh ydoxh deryh zklfk ￿H
l>m A￿ L
l>m ehfrphv yhu| kljk1
Lq wklv dqg lq wkh iroorzlqj fdvhv wkh frpsdulvrq dprqj wkh sd|r￿v ri wkh
pdwul{ uhtxluhv wkhq d fduhixo dqdo|vlv ri wkh uhodwlrq ehwzhhq wkh ydoxhv ri w
dqg n1 E| frpelqlqj wkh wzr lqwhuydov ri w zlwk gl￿huhqw ohyhov ri n/ lq idfw/ L




































4;Wkh v|pphwulf fdvh zkhuh erwk ￿upv lqyhvw lq WF |lhogv wkh kljkhvw sur￿w
zkhq WF U)G surgxfwlylw| lv yhu| kljk/ l1h1 zkhq d orz lqlwldo ydoxh ri w +w?w 4,
lv dvvrfldwhg zlwk d orz ohyho ri n +n?n 4,1 Iru kljkhu ohyhov ri w +wAw 4, dqg
orz ydoxhv ri n +n?n 5,/ sur￿wv duh dw wkh kljkhvw iru wkh v|pphwulf fdvh zkhuh
erwk ￿upv lqyhvw lq SL lqvwhdg1 Ilqdoo|/ lq erwk lqwhuydov ri w/ zkhq wkh U)G
frvw lv uhodwlyho| kljk wkh odujhvw v|pphwulf sur￿w lv wkh rqh lq zklfk qr ￿up
lqyhvwv lq U)G1
71415 Wkh ehvw uhvsrqvhv ri wkh ￿upv
Ohw ph qrz frqvlghu ￿upv* ehvw uhvsrqvhv/ jlyhq wkh fkrlfh ri wkh ulydo1 Lq
zkdw iroorzv L zloo dqdo|vh wkh ehvw uhvsrqvhv ri ￿up l jlyhq wkh vwudwhj| fkrvhq
e| ￿up m1 L zloo frqvlghu wkuhh fdvhv/ ghshqglqj rq wkh edkdylrxu ri ￿up m/
zklfk fdq ghflgh wr lqyhvw lq WF/ wr lqyhvw lq SL ru qrw wr lqyhvw dw doo1 Wkh
v|pphwulf vwuxfwxuh ri wkh jdph hqvxuhv wkdw wkh vdph uhvxowv zloo krog iru ￿up
m/ jlyhq wkh dfwlrq wdnhq e| ￿up l1
￿ Sur￿wv iru l +m, zkhq m +l, grhv qrw lqyhvw dw doo=
lq wklv fdvh ￿up l +m, idfhv wkuhh dowhuqdwlyhv/ jlyhq wkh ulydo*v fkrlfh ri qrw






m li L frqvlghu
￿up m*v fkrlfh zkhq wkh ulydo grhv qrw lqyhvw,=
￿D
l +￿D
m , ?￿ G
l +￿E
m , li n ? n6> +63,
￿D
l +￿D
m , ?￿ J
l +￿F
m , li n ? n7> +64,
￿G
l +￿E
m , A￿ J
l +￿F
m , li w?w?w 5 dqg ￿G
l +￿E
m , ?￿ J
l +￿F
m , li w5 ?w?4= +65,
Ixuwkhupruh/ vlploduo| wr zkdw L irxqg ehiruh/
n6 An 7 li w?w?w 5 dqg n6 ?n 7 li w5 ?w?4 +66,
E| vlpsoh frpsxwdwlrqv lw lv dovr srvvleoh wr ghprqvwudwh wkdw/ lq wkh dg0
plvvdeoh uhjlrq ri sdudphwhuv=
w4 ?w 5= +67,
Lq Dsshqgl{ 41E lw lv srvvleoh wr ￿qg doo wkh h{dfw fdofxodwlrqv1 Dv ehiruh/ L
qhhg wr frpelqh gl￿huhqw wkuhvkrog ohyhov ri n zlwk wkh glvfulplqdwlqj ydoxh ri






































































Dv d frqvhtxhqfh/ iru orz ydoxhv ri w + w?w 5, dqg vpdoo dqg lqwhuphgldwh
ohyhov ri n +n?n 6,/￿ u pl +m,/ jlyhq wkh fkrlfh ri wkh ulydo qrw wr lqyhvw dw
doo/ ghflghv wr lqyhvw lq WF/ zkloh vkh suhihuv wr lqyhvw lq SL iru kljkhu ydoxhv
ri w + wAw 5, dqg qrw h{fhvvlyh ohyhov ri n +n?n 7,1 Lq rwkhu zrugv/ vkh zloo
lqyhvw lq WF zkhq wkh U)G h{shqglwxuh n lv yhu| h!flhqw/ ohdglqj wr d vwurqj
lqfuhdvh lq wkh shufhqwdjh vklsshg iurp d orz w wr 41 Rq wkh frqwudu|/ vkh zloo
rsw iru SL zkhq wkh vwduwlqj ydoxh ri w lv kljkhu dqg wkhq wkh dprxqw vshqw
lq WF U)G zrxog rqo| lqfuhdvh w lwvhoi e| d qhjoljleoh shufhqwdjh1 Lq erwk
lqwhuydov/ ixuwkhupruh/ ￿upv suhihu qrw wr lqyhvw zkhq wkh h!flhqf| ri wkh U)G
surgxfwlylw| idghv/ l1h1 iru kljk ohyhov ri n + nAn 6 lq wkh ￿uvw vxelqwhuydo dqg
nAn 7 lq wkh vhfrqg rqh,1
Dv idu dv wkh sdudphwhu f lv frqfhuqhg/ zkhq lwv ydoxh lqfuhdvhv lw lv qhfhvvdu|
d w kljkhu dqg kljkhu wr pdnh ￿upv zloolqj wr lqyhvw lq SL lqvwhdg ri WF1 Lq
rwkhu zrugv/ iru kljk ydoxhv ri wkh pdujlqdo frvw ￿upv duh olnho| wr lqyhvw lq WF
dqg wklv lv gxh wr wkh idfw wkdw vxfk dq lqyhvwphqw fdq eh frqfhlyhg dv d irup
ri surfhvv lqqrydwlrq1
￿ Sur￿wv iru l +m, zkhq m +l, lqyhvwv lq WF=









m , ?￿ H
l +￿H
m , li n ? n8> +6:,
￿E
l +￿G
m , ?￿ K
l +￿I
m , li n ? n9> +6;,
￿H
l +￿H
m , A￿ K
l +￿I
m , li w?w?w 6 dqg ￿H
l +￿H
m , ?￿ K
l +￿I
m , li w6 ?w?4= +6<,
E| frpsdulqj wkh wkuhvkrog ydoxhv ri n rqh jhwv=
n8 An 9 li w?w?w 6 dqg n8 ?n 9 li w6 ?w?4 +73,
53Iru ixwxuh uhihuhqfh/ e| vlpsoh frpsxwdwlrqv lw lv dovr srvvleoh wr ghprq0
vwudwh wkdw/ lq wkh dgplvvdeoh uhjlrq ri sdudphwhuv=
w5 ?w 6= +74,
Ghwdlohg fdofxodwlrqv duh uhsruwhg lq Dsshqgl{ 41E1 E| frpelqlqj wkh wkuhvk0






































































L rewdlq wkhq vlplodu uhvxowv dv frpsduhg wr wkh suhylrxv fdvh1 Dq lqwhuhvwlqj
gl￿huhqfh lv wkdw wkh lqwhuydo lq zklfk ￿up l +m, suhihuv wr lqyhvw lq WF lqvwhdg
ri SL lqfuhdvhv1 Lq idfw/ wkh wkuhvkrog ohyho zklfk glvfulplqdwhv ehwzhhq ￿H
l
+￿H
m , dqg ￿K
l +￿I
m , lv jlyhq e| w6 Aw 51 Vxssrvh wkdw ￿up m lqyhvwv lq WF> ￿up
l fkrrvhv pruh riwhq wkdq ehiruh wr dgrsw wkh vdph vwudwhj|/ wkxv lqfuhdvlqj
wkh frpshwlwlrq lq wkh pdunhw1 Li ￿up l kdg ghflghg wr lqyhvw lq SL/ lq idfw/ wkh
h￿hfwv zrxog kdyh ehhq ehqh￿fldo dovr iru wkh ulydo/ zklfk frxog kdyh vklsshg wr
wkh pdunhw dq kljkhu dprxqw ri dq krul}rqwdoo| gl￿huhqwldwhg surgxfw +zklfk
fdq eh vrog dw d kljkhu sulfh wkdq ehiruh,1
￿ Sur￿wv iru l +m, zkhq m +l, lqyhvwv lq SL=









m , ?￿ I
l +￿K
m , li n ? n:> +77,
￿F
l +￿J
m , ?￿ L
l +￿L
m, li n ? n;> +78,
￿I
l +￿K
m , A￿ L
l +￿L
m, li w?w?w 7 dqg ￿I
l +￿K
m , ?￿ L
l +￿L
m, li w7 ?w?4> +79,
n: An ; li w?w?w 7 dqg n: ?n ; li w7 ?w?4= +7:,
Lw lv dovr hdv| wr vkrz wkdw/ lq wkh dgplvvdeoh uhjlrq ri sdudphwhuv=
w5 ?w 7 ?w 6= +7;,
Dv xvxdo/ e| frpelqlqj wkh wkuhvkrog ydoxhv ri n dqg w/ L jhw44=






































































Lq wklv fdvh ￿up l +m,/ jlyhq wkh fkrlfh ri wkh ulydo wr dgrsw SL/ ghflghv wr
lqyhvw lq WF iru orz ydoxhv ri w + w?w 7, dqg uhodwlyho| orz ohyhov ri n +n?n :,/
zkloh lw fkrrvhv SL iru kljkhu ydoxhv ri w + wAw 7, dqg n?n ;1D v n udlvhv
+nAn : lq wkh ￿uvw vxelqwhuydo dqg nAn ; lq wkh vhfrqg rqh, erwk ￿upv ghflgh
qrw wr lqyhvw1 Lq sudfwlvh L jrw vlplodu uhvxowv dv frpsduhg wr wkh suhylrxv
fdvhv1 Krzhyhu/ jlyhq wkdw w5 ?w 7 ?w 6/ wkh lqwhuydo lq zklfk ￿up l +m, suhihuv
wr lqyhvwv lq WF lqvwhdg ri SL lqfuhdvhv dv frpsduhg wr wkh ￿uvw fdvh/ zkhuh
￿up m +l, glg qrw lqyhvw/ exw ghfuhdvhv dv frpsduhg wr wkh suhylrxv fdvh/ zkhuh
￿up m +l, lqyhvwhg lq WF1 Wklv lv yhu| lqwhuhvwlqj ehfdxvh lw vkrzv wkdw d ￿up
￿qgv pruh sur￿wdeoh wr lqyhvw lq SL zkhq wkh ulydo grhv wkh vdph wkdq lq wkh
fdvh zkhuh wkh ulydo xqghuwdnhv WF U)G1 Zkhq wkh ulydo lqyhvwv lq SL/ lq idfw/
￿up l +m, lv pruh surqh wr lqyhvw lq SL dv zhoo/ ohdglqj lq wklv zd| wr d kljkhu
ghjuhh ri surgxfw gl￿huhqwldwlrq zklfk lv ehqh￿fldo iru erwk ￿upv1
71416 Wkh Qdvk htxloleuld ri wkh jdph
Lq wkh suhylrxv sduw L irfxvhg rq ￿upv* ehvw uhvsrqvhv dqg L irxqg wkdw wkh|
ghshqg rq wkh frpelqdwlrq ehwzhhq wkh ohyho ri n dqg wkh ydoxh ri wkh sdudphwhu
w1 E| frpelqlqj 67/ 74/ 7; dqg nqrzlqj wkdw w?w?4/l wl vl p p h g l d w hw rk d y h
wkh iroorzlqj uhvxow=
w?w 4 ?w 5 ?w 7 ?w 6 ? 4 +84,
Lq rughu wr ghwhuplqh wkh vxejdph shuihfw Qdvk htxloleuld ri wkh jdph uhs0
uhvhqwhg lq Pdwul{ 4/ L kdyh wr frpsduh doo wkh wkuhvkrog ohyhov ri n glvfryhuhg
lq wkh dqdo|vlv ri ￿upv* ehvw uhvsrqvhv1 Wr vlpsoli| wkh dqdo|vlv L zloo surfhhg
e| frqvlghulqj vhsdudwho| wkh lqwhuydov ri w dv wkh| dsshdu lq 841 Lq hdfk lqwhu0
ydo L zloo wkhq hydoxdwh rqo| wkh ydoxhv ri n zklfk duh qhfhvvdu| wr glvfulplqdwh
dprqj wkh ehvw uhvsrqvhv dqg L zloo ￿qg wkh Qdvk htxloleuld1 L zloo dovr frpsduh
wkh uhvxowlqj htxloleuld zlwk wkh Sduhwr0h!flhqw vroxwlrqv1
￿ Ohw ph vwduw e| frqvlghulqj d ydoxh ri w vxfk wkdw w?w?w 41 Lq wklv fdvh
￿up l +m,* ehvw uhvsrqvh lv=
550 lqyhvw lq WF iru n?n 6/ gr qrw lqyhvw dw doo rwkhuzlvh/ zkhq wkh ulydo
grhv qrw lqyhvw lq U)G +vhh 68,>
0 lqyhvw lq WF iru n?n 8/ gr qrw lqyhvw dw doo rwkhuzlvh/ zkhq wkh ulydo
l q y h v w vl qW F+vhh 75,>
0 lqyhvw lq WF iru n?n :/ gr qrw lqyhvw dw doo rwkhuzlvh/ zkhq wkh ulydo
l q y h v w vl qS L+vhh 7<,1
Ixuwkhupruh/ dorqj wkh sulqflsdo gldjrqdo wkh kljkhvw sur￿w lv jlyhq e|
+WF>WF, iru n?n 4 dqg e| +3>3, rwkhuzlvh +vhh 5;,1
E| frpsdulqj wkh wkuhvkrog ydoxhv ri n/ lw fdq eh suryhg wkdw/ lq wkh dg0
plvvdeoh uhjlrq ri sdudphwhuv=
n4 ?n 8 ?n 6 +85,
dqg
n: ?n 61 +86,
Ixuwkhupruh/ lq wkh lqwhuydo frqvlghuhg/ lw lv dozd|v wuxh wkdw n: ?n 81D o o
wkhvh uhvxowv duh yhul￿hg lq Dsshqgl{ 41F1 Wkh iroorzlqj udqn krogv wkhq lq
w?w?w 4=
n4 ?n 8 ?n : ?n 6 +87,






3 ?n?n 8 @, rqh QH/ +WF/WF,
n8 ?n?n 6 @, wzr QH/ +WF/3, dqg +3/WF,
n6 ?n @, rqh QH/ +3/3,
= +88,
Dv lw fdq eh qrwlfhg/ iru orz ydoxhv ri n +n?n 8,/ wkh jdph vkrzv d QH lq
grplqdqw vwudwhjlhv/ zkhuh erwk ￿upv lqyhvw lq WF1 Krzhyhu/ zkhq n4 ?n?n 8
wkh jdph lv d Sulvrqhu*v Glohppd/ ehfdxvh ￿upv zrxog jdlq dq kljkhu sur￿w
e| ghflglqj qrw wr lqyhvw dw doo451 Lw lv lqwhuhvwlqj wr qrwlfh wkdw rqo| iru yhu|
orz ydoxhv ri n +n?n 4, wkh vlpxowdqhrxv fkrlfh ri erwk ￿upv wr lqyhvw lq WF
ohdgv wr wkh kljkhvw sur￿w1 Lq wklv fdvh/ lq idfw/ wkh U)G h{shqglwxuh wxuqv rxw
wr eh yhu| h!flhqw/ ehfdxvh lw lv vx!flhqw d vpdoo lqyhvwphqw wr lqfuhdvh wkh
shufhqwdjh ri wkh surgxfw vklsshg iurp d yhu| orz w +w?w 4, wr 41 Wkh ehqh￿wv
ri vxfk d vwudwhj| duh wkhq odujhu wkhq wkh gudzedfnv dvvrfldwhg wr d vwurqjhu
frpshwlwlrq lq wkh pdunhw1
Pruhryhu/ zkhq wkh frvw n lqfuhdvhv +n8 ?n?n 6, wkh jdph doorzv iru wzr
dv|pphwulf QH/ zkhuh rqo| rqh ￿up lqyhvwv lq WF/ zkloh wkh rwkhu suhihu qrw wr
45Wkh QH +A￿cA￿, lv wkhq Sduhwr grplqdwhg e| +fcf,1
56lqyhvw1 Wkh vlwxdwlrq suhvhqwv wkhq d Fklfnhq Jdph dqg lw fdq eh ghprqvwudwhg
wkdw vxfk d vlwxdwlrq krogv hyhq li wkh rswlrq wr lqyhvw lq SL lv holplqdwhg iurp
wkh dqdo|vlv1 L zloo lqyhvwljdwh lq pruh ghwdlov wklv fdvh lq wkh qh{w vhfwlrq1
Iru wkh prphqw lw lv lqwhuhvwlqj wr qrwlfh wkdw/ iru lqwhuphgldwh ohyhov ri n/
wkh frpplwphqw wdnhq e| rqh ￿up wr lqyhvw lq WF ohdgv wr d vlwxdwlrq zkhuh
wkh ulydo suhihuv qrw wr lqyhvw lq U)G1 D sulrul/ krzhyhu/ lw lv qrw srvvleoh wr
ghwhuplqh zklfk ￿up zloo lqyhvw lq U)G +dqg wkhq zklfk htxloleulxp zloo eh
uhdfkhg,461
Ilqdoo|/ dv wkh frvw n lqfuhdvhv ixuwkhu +nAn 6,/ wkh jdph vkrzv d xqltxh QH
lq grplqdqw vwudwhjlhv zkhuh wkh djjuhjdwh sd|r￿ ri wkh ￿upv lv pd{lpl}hg e|
qrw lqyhvwlqj lq U)G dqg wklv vroxwlrq |lhogv wkh Sduhwr h!flhqf| iurp ￿upv*
vwdqgsrlqw1
￿ Ohw ph qrz wdnh w vxfk wkdw w4 ?w?w 51 Ilup l +m,* ehvw uhvsrqvh lv=
0 lqyhvw lq WF iru n?n 6/ gr qrw lqyhvw dw doo rwkhuzlvh/ zkhq wkh ulydo
grhv qrw lqyhvw lq U)G +vhh 68,>
0 lqyhvw lq WF iru n?n 8/ gr qrw lqyhvw dw doo rwkhuzlvh/ zkhq wkh ulydo
l q y h v w vl qW F+vhh 75,>
0 lqyhvw lq WF iru n?n :/ gr qrw lqyhvw dw doo rwkhuzlvh/ zkhq wkh ulydo
l q y h v w vl qS L+vhh 7<,1
Ixuwkhupruh/ dorqj wkh sulqflsdo gldjrqdo wkh kljkhvw sur￿w lv jlyhq e|
+SL>SL, iru n?n 5 dqg e| +3>3, rwkhuzlvh +vhh 5<,1 Wklv frqvwlwxwhv wkh
rqo| gl￿huhqfh dv frpsduhg wr wkh suhylrxv fdvh1
Wkh frpsdulvrq ri wkh wkuhvkrog ydoxhv ri n lv qrw vr lpphgldwh dv ehiruh1 Lq
Dsshqgl{ 41F lw lv ghprqvwudwhg wkdw wkh lqwhuydo w4 ?w?w 5 fdq eh vhsdudwhg
lqwr wkuhh vxelqwhuydov=
w4 ?w?w 8/ zkhuh n8 ?n 5 ?n : ?n 6
w8 ?w?w 9/ zkhuh n8 ?n : ?n 5 ?n 6
w9 ?w?w 5/ zkhuh n8 ?n : ?n 6 ?n 5
+89,





3 ?n?n 8 @, rqh QH/ +WF/ WF,
n8 ?n?n 6 @, wzr QH/ +WF/ 3, dqg +3/ WF,
n6 ?n @, rqh QH/ +3/ 3,
= +8:,
Khqfh L jhw uhvxowv yhu| vlplodu wr wkrvh rewdlqhg lq wkh suhylrxv lqwhuydo1
Wkh rqo| gl￿huhqfh/ dv L lqwurgxfhg ehiruh/ lv gxh wr wkh idfw wkdw lq wkh sulq0
flsdo gldjrqdo wkh kljkhvw sur￿w lv jlyhq e| +SL> SL, iru n?n 5 dqg e| +3>3,
46Frqvlghudwlrqv ri jrrgzloo/ uhsxwdwlrqv dqg vr rq fdq eh xvhg dv uh￿qhphqw wr vhohfw
ehwzhhq wkh wzr srvvleoh Qdvk htxloleuld1
47Gl￿huhqfhv dprqj wkh wkuhh vxelqwhuydov duh qhjoljleoh dqg L suhihu qrw wr exughq wkh
dqdo|vlv zlwk wrr pdq| vxefdvhv1
57rwkhuzlvh1 Lq wkh lqwhuydo 3 ?n?n 8/ dv d frqvhtxhqfh/ wkh QH lq grplqdqw
vwudwhjlhv +WF/ WF, qhyhu |lhogv wkh kljkhvw sur￿w dqg wkh jdph vkrzv d Sulv0
rqhu*v Glohppd1 Djdlq/ dv n lqfuhdvhv +n8 ?n?n 6,/ wkhuh lv d Fklfnhq Jdph
zlwk wzr dv|pphwulf QH1 Iru kljkhu ohyhov ri n +nAn 6,/ ￿qdoo|/ wkhuh lv d
QH lq grplqdqw vwudwhjlhv zkhuh ￿upv gr qrw lqyhvw dw doo1 Wkh QH +3/3, lv
dozd|v Sduhwr rswlpdo lq wkh lqwhuydo w4 ?w?w 9/ +zkhuh n6 An 5 / dqg wkhq
nAn 6 lpsolhv wkdw nAn 5, dqg lq w9 ?w?w 5> iru nAn 5 An 61 Krzhyhu/ lq
w9 ?w?w 5/ zkhq n6 ?n?n 5 wkh QH +3/ 3, lv Sduhwr grplqdwhg e| +SL/ SL,
dqg wklv frqvwlwxwhv dqrwkhu Sulvrqhu*v Glohppd1
￿ Ohw ph frqvlghu wkh lqwhuydo w5 ?w?w 71 Ilup l +m,* ehvw uhvsrqvh lv=
0 lqyhvw lq SL iru n?n 7/ gr qrw lqyhvw dw doo rwkhuzlvh/ zkhq wkh ulydo
grhv qrw lqyhvw lq U)G +vhh 69,>
0 lqyhvw lq WF iru n?n 8/ gr qrw lqyhvw dw doo rwkhuzlvh/ zkhq wkh ulydo
l q y h v w vl qW F+vhh 75,>
0 lqyhvw lq WF iru n?n :/ gr qrw lqyhvw dw doo rwkhuzlvh/ zkhq wkh ulydo
l q y h v w vl qS L+vhh 7<,1
Pruhryhu/ dorqj wkh sulqflsdo gldjrqdo wkh kljkhvw sur￿w lv jlyhq e| +SL>SL,
iru n?n 5 dqg e| +3>3, rwkhuzlvh +vhh 5<,1
Wkh frpsdulvrq ri wkh wkuhvkrog ydoxhv ri n ohdgv wr wkh ghwhuplqdwlrq ri
wzr vxelqwhuydov +vhh Dsshqgl{ 41F,=
w5 ?w?w :/ zkhuh n8 ?n : ?n 7 ?n 5
w: ?w?w 7/ zkhuh n: ?n 8 ?n 7 ?n 5
+8;,
Lq wklv fdvh lw lv qhfhvvdu| wr h{dplqh erwk vxelqwhuydov/ ehfdxvh wkh| ohdg





3 ?n?n 8 @, rqh QH/ +WF/ WF,
n8 ?n?n : @, qr QH
n: ?n?n 7 wzr QH/ +SL/ 3, dqg +3/ SL,






3 ?n?n : @, rqh QH/ +WF/ WF,
n: ?n?n 8 @, wkuhh QH/ +WF/ WF,/ +SL/ 3, dqg +3/ SL,
n8 ?n?n 7 wzr QH/ +SL/ 3, dqg +3/ SL,
n7 ?n@, rqh QH/ +3/ 3,
=
+93,
Lq wkh wzr vxelqwhuydov lw lv zruwk wr qrwlfh zkdw kdsshqv iru lqwhuphgldwh
ydoxhv ri n= wkh ￿uvw vxelqwhuydo +iru n8 ?n?n :, vkrzv qr QH/ zkloh wkh
vhfrqg rqh +iru n: ?n?n 8, lv fkdudfwhul}hg e| wkh suhvhqfh ri wkuhh QH 1 Dv
58ehiruh/ iru orz ohyhov ri n 48 w k hj d p hl vdSulvrqhu*v Glohppd/ ehfdxvh +WF/
WF, lv Sduhwr grplqdwhg e| +SL/ SL,1 Qrwlfh wkdw lq wklv fdvh +WF/ WF, lv qrw
dq htxloleulxp lq grplqdqw vwudwhjlhv> wkh ehvw uhso| iru ￿up l +m,/ zkhq wkh
ulydo grhv qrw lqyhvw/ frqvlvwv lq dq lqyhvwphqw lq SL1 Iru kljkhu ydoxhv ri n49/
ixuwkhupruh/ wkhuh duh wzr dv|pphwulf QH lq zklfk rqo| rqh ￿up lqyhvwv lq
SL zkloh wkh rwkhu grhv qrw lqyhvw1 Khqfh L jhw dqrwkhu Fklfnhq Jdph/ hyhq
li lw lv gl￿huhqw iurp wkh rqh irxqg lq wkh suhylrxv lqwhuydo1 Khuh/ lq idfw/ wkh
￿up zklfk xqghuwdnhv U)G ghyrwhv uhvrxufhv wr SL lqvwhdg ri WF dqg vkh hqgv
xs rewdlqlqj dozd|v d orzhu sur￿w ri wkh ulydo/ dv lw fdq eh hdvlo| fkhfnhg e|
frpsdulqj 45 zlwk 461 Lq idfw/ wkh ￿up zklfk ￿qdqfhv d surgxfw0gl￿huhqwldwlqj
U)G surmhfw fuhdwhv srvlwlyh h{whuqdolwlhv iru wkh ulydo/ zklfk pd| ghflgh qrw wr
lqyhvw dw doo/ wkxv jdlqlqj iurp wkh ghjuhh ri surgxfw gl￿huhqwldwlrq lqwurgxfhg
lq wkh pdunhw/ zlwkrxw ehdulqj dq| dgglwlrqdo frvw1 Wkh U)G dfwlylw| lv lq idfw
txlwh h{shqvlyh lq wkh lqwhuydo ri n frqvlghuhg dqg wkh suhvhqfh ri rqh ￿up lq
wkh pdunhw zklfk dgrswv |hw d surgxfw lqqrydwlrq lv vx!flhqw wr glvfrxudjh wkh
rwkhu iurp sxuvxlqj dq| nlqg ri U)G surmhfw1
Ilqdoo|/ iru yhu| kljk ydoxhv ri n +nAn 7,/ qhlwkhu ￿up l qru ￿up m lqyhvwv lq
U)G dqg wkh uhvxowlqj QH lq grplqdqw vwudwhjlhv +3/3, wxuqv rxw wr eh Sduhwr
grplqdqw rqo| iru nAn 5 An 7/ zkloh lw jhqhudwhv d Sulvrqhu*v Glohppd iru
n7 ?n?n 5
4:1 Wklv uhvxow krogv lq erwk wkh vxelqwhuydov frqvlghuhg1
￿ Ohw ph qrz sdvv wr wkh lqwhuydo w7 ?w?w 61 Ilup l +m,* ehvw uhvsrqvh lv=
0 lqyhvw lq SL iru n?n 7/ gr qrw lqyhvw dw doo rwkhuzlvh/ zkhq wkh ulydo
grhv qrw lqyhvw lq U)G +vhh 69,>
0 lqyhvw lq WF iru n?n 8/ gr qrw lqyhvw dw doo rwkhuzlvh/ zkhq wkh ulydo
l q y h v w vl qW F+vhh 75,>
0 lqyhvw lq SL iru n?n ;/ gr qrw lqyhvw dw doo rwkhuzlvh/ zkhq wkh ulydo
l q y h v w vl qS L+vhh 83,1
Djdlq/ dorqj wkh sulqflsdo gldjrqdo wkh kljkhvw sur￿w lv jlyhq e| +SL> SL,
iru n?n 5 dqg e| +3>3, rwkhuzlvh +vhh 5<,1
Wkh frpsdulvrq ri wkh wkuhvkrog ohyhov ri n ohdgv wr wkh ghwhuplqdwlrq ri
wzr vxelqwhuydov +vhh Dsshqgl{ 41F iru ghwdlov,=
w7 ?w?w ;/ zkhuh n; ?n 8 ?n 7 ?n 5
w; ?w?w 6/ zkhuh n8 ?n ; ?n 7 ?n 5
+94,
Dv ehiruh/ L kdyh wr h{dplqh erwk vxelqwhuydov vhsdudwho|/ ehfdxvh wkh| ohdg
wr gl￿huhqw Qdvk htxloleuld=
48f ￿&￿& D iru wkh ￿uvw vxelqwhuydo dqg f ￿&￿& . iru wkh vhfrqg rqh1
49&. ￿&￿& e lq wkh ￿uvw vxelqwhuydo/ &D ￿&￿& e lq wkh vhfrqg rqh1





3 ?n?n ; @, wzr QH/ +WF/ WF, dqg +SL/ SL,
n; ?n?n 8 @, wkuhh QH/ +WF/ WF,/ +SL/ 3, dqg +3/ SL,
n8 ?n?n 7 @, wzr QH/ +SL/ 3, dqg +3/ SL,







3 ?n?n 8 @, wzr QH/ +WF/ WF, dqg +SL/ SL,
n8 ?n?n ; @, rqh QH/ +SL/ SL,
n; ?n?n 7 @, wzr QH/ +SL/ 3, dqg +3/ SL,
n7 ?n@, rqh QH/ +3/ 3,
= +96,
Wkh glvwlqjxlvklqj fkdudfwhulvwlf ri wkhvh wzr vxelqwhuydov lv wkh dsshdudqfh
ri Qdvk htxloleuld lq zklfk erwk ￿upv lqyhvw lq SL dqg wklv kdsshqv iru orz
ydoxhv ri n +n?n ;,1 Iru doo n?n ; lq wkh ￿uvw vxelqwhuydo dqg n?n 8 lq wkh
vhfrqg rqh/ wkhuh lv d Frruglqdwlrq Jdph zlwk wzr QH/ +WF/ WF, dqg +SL/
SL,/ dorqj wkh sulqflsdo gldjrqdo4;1 Lw lv lpsruwdqw wr qrwlfh wkdw +WF/ WF, lv
Sduhwr grplqdwhg e| +SL/ SL,1 Wkhuh lv lqghhg d uhjlrq lq wkh vhfrqg vxelqwhuydo
+n8 ?n?n ;, lq zklfk +SL/ SL, lv wkh rqo| Qdvk htxloleulxp1 Wklv frq￿upv
rqh ri wkh lqwxlwlrq ri wkh prgho= wkh kljkhu wkh ydoxh ri w/ wkh pruh zloolqj duh
￿upv wr lqyhvw lq SL/ dv vkrzq ehiruh1 Iru kljkhu ydoxhv ri n4</ ixuwkhupruh/
wkh vlwxdwlrq lv lq sudfwlvh wkh vdph dv ehiruh> wkhuh duh wzr dv|pphwulf QH/
zkhuh rqo| rqh ￿up lqyhvwv lq SL dqg wkh rwkhu grhv qrw lqyhvw/ wkxv jlylqj ulvh
wr d Fklfnhq Jdph1 Ilqdoo|/ iru yhu| kljk ydoxhv ri n +nAn 7,/ wkh jdph vkrzv
d QH lq grplqdqw vwudwhjlhv zkhuh ￿upv gr qrw lqyhvw dw doo1 Wkh uhvxowlqj QH
+3/3, lv Sduhwr0h!flhqw iurp wkh ￿upv* vwdqgsrlqw iru nAn 5 An 7/ zkloh lw
jhqhudwhv d Sulvrqhu*v Glohppd iru n7 ?n?n 51
￿ Ilqdoo|/ L frqvlghu wkh lqwhuydo w6 ?w?41 Ilup l +m,* ehvw uhvsrqvh lv=
0 lqyhvw lq SL iru n?n 7/ gr qrw lqyhvw dw doo rwkhuzlvh/ zkhq wkh ulydo
grhv qrw lqyhvw lq U)G +vhh 69,>
0 lqyhvw lq SL iru n?n 9/ gr qrw lqyhvw dw doo rwkhuzlvh/ zkhq wkh ulydo
l q y h v w vl qW F+vhh 76,>
0 lqyhvw lq SL iru n?n ;/ gr qrw lqyhvw dw doo rwkhuzlvh/ zkhq wkh ulydo
l q y h v w vl qS L+vhh 83,1
Dv ehiruh/ wkh kljkhvw sur￿w lq wkh sulqflsdo gldjrqdo lv jlyhq e| +SL>SL,
iru n?n 5 dqg e| +3>3, rwkhuzlvh +vhh 5<,1
Lq Dsshqgl{ 41F lw lv vkrzq wkdw wkh iroorzlqj udqn ri wkh U)G h{shqglwxuh
ohyhov n krogv iru w6 ?w?4=
4;Dq h{dpsoh ri d Frruglqdwlrq Jdph lv jlyhq e| Pdwul{ 5141i lq wkh suhylxrv vhfwlrq1
4<&D ￿&￿& e lq wkh ￿uvw vxelqwhuydo dqg &H ￿&￿& e lq wkh vhfrqg rqh1
5:n9 ?n ; ?n 7 ?n 5 +97,






3 ?n?n ; @, rqh QH/ +SL/ SL,
n; ?n?n 7 @, wzr QH/ +SL/ 3, dqg +3/ SL,
n7 ?n @, rqh QH/ +3/3,
= +98,
Iru kljk ydoxhv ri w/ wkhq/ wkhuh lv d zlghu lqwhuydo + n?n ;, dv frpsduhg
wr ehiruh lq zklfk erwk ￿upv pd{lpl}h wkh djjuhjdwh sur￿w e| lqyhvwlqj lq SL/
wkxv jlylqj ulvh wr dq htxloleulxp lq grplqdqw vwudwhjlhv +SL/ SL, zklfk lv dovr
Sduhwr0h!flhqw1 Wkh rwkhu uhvxowv duh lq sudfwlvh wkh vdph dv lq wkh suhylrxv
lqwhuydo= iru n; ?n?n 7 wkh jdph suhvhqwv wzr dv|pphwulf htxloleuld r￿ wkh
sulqflsdo gldjrqdo zkhuh rqo| rqh ￿up lqyhvwv lq SL1 Pruhryhu/ wkhuh lv d Qdvk
htxloleulxp lq grplqdqw vwudwhjlhv +3/ 3, iru nAn 7 zklfk lv Sduhwr0h!flhqw iru
nAn 5 An 7/ zkloh lw jhqhudwhv d Sulvrqhu*v Glohppd iru n7 ?n?n 51 Wklv
odvw fdvh vlpso| frq￿upv zkdw L vxjjhvwhg ehiruh= dv wkh ydoxh ri w ulvhv/ ￿upv
zrxog suhihu wr lqyhvw lq SL rqo| iru uhdvrqdeoh frvwv dvvrfldwhg wr vxfk U)G
surmhfw/ rwkhuzlvh wkh| zrxog uhdfk dq kljkhu sur￿w e| qrw lqyhvwlqj dw doo1
& #""  ".
Lq wkh suhylrxv sduwv L dqdo|vhg pdwul{ 4 ri sd|r￿v lq rughu wr ghwhuplqh wkh
vxejdph shuihfw Qdvk htxloleuld1 Lq wkh irupdo surri/ L ￿uvw frqvlghuhg wkh ehvw
uhvsrqvhv ri wkh ￿upv/ jlyhq wkh vwudwhj| fkrvhq e| wkh ulydo/ dqg L wkhq irxqg
wkh Qdvk htxloleuld ri wkh jdph1 Wkh suhvhqfh ri pdq| sdudphwhuv uhtxluhg
vrph vlpsol￿fdwlrqv= L dvvxphg lq idfw wkdw dq lqyhvwphqw lq WF lqfuhdvhg w xs
wr 4 dqg L ￿{hg wkh ydoxh ri ￿1 Qrqhwkhohvv/ L zdv deoh wr glvfryhu lqwhuhvwlqj
uhvxowv/ gxh wr wkh uhodwlrqvkls ehwzhhq n/ wkh frvw ri grlqj U)G dqg w/ wkh
lqlwldo shufhqwdjh ri surgxfw zklfk uhdfkhv wkh frqvxphuv1 E| sduwlwlrqlqj wkh
dgplvvdeoh vhwv ri w lq vhyhudo lqwhuydov dqg e| frqvlghulqj gl￿huhqw ohyhov ri n/
L ghulyhg wkh uhvxowv dsshdulqj lq Sursrvlwlrq 41
Lw lv zruwk wr qrwlfh wkdw wkh jdph doorzv iru erwk v|pphwulf dqg dv|pphw0
ulf htxloleuld1 Ohw ph vwduw e| frqvlghulqj wkh v|pphwulf htxloleuld zkhq erwk
￿upv lqyhvw lq wkh vdph w|sh ri U)G1 Wkh dlp lv wr jlyh vrph lqwxlwlrqv ehklqg
wkh uhvxowv1 Dv iru wkh fdvh zkhuh erwk ￿upv lqyhvw lq WF/ wkh lqlwldo w lv orz
dqg dq lqyhvwphqw lq WF wxuqv rxw wr eh yhu| h!flhqw1 Krzhyhu/ wkh lqyhvwphqw
lq WF whqgv wr lqfuhdvh wkh frpshwlwlrq zlwklq wkh pdunhw/ ehfdxvh ￿upv fdq
gholyhu d kljkhu txdqwlw| ri wkh surgxfw wr wkh vdph frqvxphuv/ wkxv orzhulqj
wkh sulfh1 Wklv frqvlghudwlrq frxog eh xvhixo lq h{sodlqlqj zk| wkh uhjlrq lq
zklfk vxfk dq htxloleulxp lv Sduhwr0grplqdqw lv olplwhg wr wkh fdvh ri d yhu|
h!flhqw U)G h{shqglwxuh/ l1h zkhq d yhu| orz n lv vx!flhqw wr lqfuhdvh wkh
txdqwlw| vklsshg iurp d yhu| vpdoo shufhqwdjh w wr 41 Lq doo wkh rwkhu flufxp0
vwdqfhv/ zlwk wkh h{fhswlrq ri yhu| kljk ohyhov ri n/ ￿upv zrxog |lhog d kljkhu
5;djjuhjdwh sur￿w e| lqyhvwlqj lq SL1 Wklv fdq eh hdvlo| h{sodlqhg e| wkh idfw wkdw
surgxfw lqqrydwlrq whqgv wr zhdnhq wkh frpshwlwlrq zlwklq wkh pdunhw/ e| pdn0
lqj surgxfwv ohvv forvh1 Li ￿upv frxog frruglqdwh wkhlu dfwlylw|/ wkhuhiruh/ wkh|
zrxog suhihu d vlpxowdqhrxv frpplwphqw wr SL U)G1 Wklv lv txlwh frqvlvwhqw
zlwk wkh dqdo|vlv ri frrshudwlyh djuhhphqwv pdgh e| Urvhqnudq} +4<<9,/ zklfk
frq￿upv wkh whqghqf| iru ￿upv wr vkliw wkh lqqrydwlyh dfwlylw| wrzdug surgxfw
lqqrydwlrq lq suhvhqfh ri U)G frruglqdwlrq1 Doprvw vxusulvlqjo|/ krzhyhu/ lq
p| dqdo|vlv wkh lqwhuydov zkhuh ￿upv vlpxowdqhrxvo| ghflgh wr lqyhvw lq SL lv
olplwhg wr wkh fdvh ri yhu| kljk ydoxhv ri w dvvrfldwhg wr orz ydoxhv ri n1W z r
h{sodqdwlrqv fdq eh jlyhq wr mxvwli| wklv uhvxow= ￿uvw/ wkh suhvhqfh ri vwurqj
srvlwlyh h{whuqdolwlhv dvvrfldwhg wr surgxfw lqqrydwlrq pd| gdpshq wkh lqfhq0
wlyh ri lqyhvwlqj lq vxfk dq dfwlylw|/ jlyhq wkdw lw fuhdwhv ehqh￿wv dovr iru wkh
ulydo1 Wkh vhfrqg h{sodqdwlrq lv uhodwhg wr wkh vlpsol￿fdwlrqv lqwurgxfhg lq p|
dqdo|vlv1 Lq idfw/ L dvvxphg wkdw dq lqyhvwphqw lq WF lqfuhdvhv wkh shufhqwdjh
vklsshg iurp w 5 ‘3>4^ wr 4/ zkloh dq lqyhvwphqw ri wkh vdph dprxqw n lq SL
crqo|* eulqjv d gl￿huhqwldwlrq htxdo wr 4@7531 Qxphulfdo vlpxodwlrqv vkrz wkdw
wkh uhjlrq zkhuh +SL/ SL, lv d xqltxh Qdvk htxloleulxp lqfuhdvhv zlwk surgxfw
gl￿huhqwldwlrq/ l1h1 lw lqfuhdvhv zlwk d gurs ri wkh sdudphwhu ￿541
Wkh odvw v|pphwulf QH frqvlvwv lq erwk ￿upv qrw xqghuwdnlqj dq| nlqg ri
U)G dfwlylw|1 Wklv rffxuv iru ohyhov ri n sduwlfxoduo| kljk/ erwk iru orz dqg
iru kljk ydoxhv ri w1 Lw lv vwloo lqwhuhvwlqj wr qrwlfh wkdw vxfk dq htxloleulxp/
iru n qrw h{fhvvlyh/ lv vwloo Sduhwr grplqdwhg e| wkh fdvh lq zklfk erwk ￿upv
lqyhvw lq SL/ zkloh lw ehfrphv wkh ehvw vroxwlrq iurp ￿upv* vwdqgsrlqw zkhq
U)G h{shqglwxuh ehfrphv wrr h{shqvlyh1
Ohw ph qrz h{dplqh wkh dv|pphwulf htxloleuld zklfk dsshdu lq wkh pdwul{1
Dv vkrzq ehiruh/ iru lqwhuphgldwh ohyhov ri n wkh jdph vkrzv d Fklfnhq Jdph
dqg wkhuh h{lvw wzr dv|pphwulf htxloleuld lq zklfk rqo| rqh ￿up lqyhvwv hlwkhu lq
WF +iru orz ydoxhv ri w , ru lq SL +iru kljkhu ydoxhv ri w,1 Wkh fdvhv zkhuh rqh ￿up
dowhuqdwlyho| lqyhvwv lq SL fdq eh hdvlo| xqghuvwrrg e| frqvlghulqj wkh srvlwlyh
h{whuqdolw| duulylqj dovr wr wkh ￿up zklfk grhv qrw xqghuwdnh U)G1 Wklv ￿up/
lq rwkhu zrugv/ jdlqv iurp wkh surgxfw gl￿huhqwldwlrq eurxjkw derxw e| wkh
rwkhu ￿up dqg lw grhv qrw lqyhvw lq SL/ ehlqj vxfk dq dfwlylw| txlwh h{shqvlyh
lq wkh lqwhuydov ri n frqvlghuhg1 D elw pruh gl!fxow lv wkh h{sodqdwlrq ri wkh
dv|pphwulf fdvhv lq zklfk rqo| rqh ￿up lqyhvwv lq WF dqg wkh rwkhu grhv qrw
lqyhvw dw doo1 Lq wkh qh{w vhfwlrq L zloo vwxg| lq ghwdlo vxfk htxloleuld lq d jdph
zkhuh wkh srvvlelolw| ri lqyhvwlqj lq SL lv qrw dydlodeoh1 Dv L zloo ghprqvwudwh/ iru
lqwhuphgldwh ydoxhv ri wkh sdudphwhu n wkh jdph vwloo vkrz wkh vdph dv|pphwulf
htxloleuld1 Wkh uhdvrq zk| rqh ￿up pd| ghflgh qrw wr lqyhvw lq WF/ zkhq wkh
rwkhu grhv lw/ uholhv wkhq rq vwudwhjlf frqvlghudwlrqv1
Dv lw fdq eh qrwlfhg/ ixuwkhupruh/ wkhuh duh qr dv|pphwulf htxloleuld lq wkh
jdph zkhuh ￿upv xqghuwdnh gl￿huhqw irupv ri U)G vwudwhjlhv1 Lq idfw/ lq doo wkh
53Uhphpehu wkdw L dvvxphg wkdw zkhq rqo| rqh ￿up lqyhvwv lq SL wkh sdudphwhu phdvxulqj
wkh surgxfw gl￿huhqwldwlrq jrhv iurp ￿ wr ￿*e/ zkloh zkhq erwk lqyhvw lq SL lw jrhv iurp ￿ wr
￿*21
54Lq idfw L dqdo|vhg wkh vdph pdwul{ exw L xvhg ￿￿ ’2 *￿ dqg ￿2 ’￿ *￿c l1h1 wkh lpsdfw ri
wkh SL dfwlylw| lv htxdo wr ￿*￿1
5<lqwhuydov ri w frqvlghuhg/ d ￿up zrxog qhyhu |lhog dq kljkhu sur￿w e| lqyhvwlqj lq
SL zkhq wkh ulydo grhv WF1 Dq lqyhvwphqw lq SL zrxog lq idfw jlyh d yhu| vwurqj
dgydqwdjh wr d ulydo zklfk dgrswv WF1 Wkh ￿up grlqj WF/ lq idfw/ zrxog gholyhu
wr wkh pdunhw dq kljkhu dprxqw ri d surgxfw zklfk kdv ehfrph gl￿huhqwldwhg
dqg zklfk frxog wkhq eh vrog dw dq kljkhu sulfh1 Wkh rqo| h{fhswlrq wdnhv
sodfh iru yhu| kljk ydoxhv ri w +w6 ?w?4,> wkh ￿up lv zloolqj wr lqyhvw lq SL
zkhq wkh ulydo lqyhvwv lq WF +vhh 76,1 Krzhyhu/ wklv grhv qrw jlyh ulvh wr d Qdvk
htxloleulxp/ ehfdxvh hyhu| ￿up kdv dq lqfhqwlyh wr lqyhvw lq SL/ jlyhq wkh fkrlfh
r iw k hr w k h uw rl q y h v wl qS L+vhh 83,1 Ilolsslql dqg Pduwlql +5333,/ dv L uhsruwhg
lq Vhfwlrq 5/ irxqg dv|pphwulf htxloleuld zkhuh ￿upv dgrsw gl￿huhqw lqqrydwlyh
dfwlylwlhv1 Krzhyhu/ wkh| frqvlghuhg d yhuwlfdoo| gl￿huhqwldwhg gxrsro| zlwk d
kljk txdolw| ￿up dqg d orz txdolw| ￿up dqg wklv sod|hg d ixqgdphqwdo uroh lq
h{sodlqlqj wkh gl￿huhqw lqfhqwlyhv wrzdugv wkh wzr irupv ri U)G1
Ilqdoo|/ L zrxog olnh wr vshqg vrph zrugv rq wkh uroh sod|hg e| wkh pdujlqdo
frvw f1 Qxphulfdo vlpxodwlrqv vkrz wkdw doo wkuhvkrog ydoxhv ri w lqfuhdvh dv
f ulvhv1 Lq wklv fdvh wkh ihdvlelolw| lqwhuydo vkulqnv/ wkxv uhgxflqj wkh ydoxhv
iru zklfk L fdq dqdo|vh pdwul{ 41 Pruhryhu/ lw lv qhfhvvdu| wr wdnh qxphulfdo
ydoxhv ri w kljkhu dqg kljkhu wr vzlwfk iurp rqh lqwhuydo wr wkh rwkhu1 Dv
f lqfuhdvhv/ wkhq/ d ￿up fdq |lhog dq kljkhu sur￿w e| lqyhvwlqj lq wudqvsruw
dqg frppxqlfdwlrq udwkhu wkdq e| lqyhvwlqj lq surgxfw lqqrydwlrq1 Wklv lv
frqvlvwhqw zlwk wkh qdwxuh ri wkh WF lqqrydwlyh dfwlylw|/ zklfk fdq eh frqvlghuhg
dv d irup ri surfhvv lqqrydwlrq dfwlylw|1
(     
 	     	   
Lq wkh suhylrxv vhfwlrq L dqdo|vhg d pdwul{ zklfk vxppdul}hg d wkuhh0
vwudwhj| jdph lq wzr vwdjhv1 Gl￿huhqw vxejdph shuihfw Qdvk htxloleuld kdyh
ehhq glvfryhuhg/ ghshqglqj rq wkh uhodwlrq ehwzhhq wkh sdudphwhuv w/ n dqg
f1 D yhu| lqwhuhvwlqj fdvh uhyhdohg wkh suhvhqfh ri dv|pphwulf Qdvk htxloleuld
zkhuh rqo| rqh ￿up lqyhvwhg lq WF/ zkloh wkh rwkhu suhihuuhg qrw wr lqyhvw dw
doo1 Wklv rffxuuhg iru lqwhuphgldwh ohyhov ri n dvvrfldwhg zlwk orz ydoxhv ri w1L q
wklv vhfwlrq L zloo lqyhvwljdwh wkh qdwxuh ri vxfk htxloleuld e| frqvlghulqj zkdw
zrxog kdsshq li ￿upv idfhg rqo| d elqdu| fkrlfh ehwzhhq xqghuwdnlqj WF U)G
ru grlqj qrwklqj1 Wkh uhgxfhg irup ri wzr vwdjh 50vwudwhj| jdph lv uhsuhvhqwhg
lq qrupdo irup lq pdwul{ 5 ehorz1 Wkh edvlf iudphzrun lv wkh vdph dv ehiruh/














2 % "      %" 
63Iurp wkh uhgxfhg irup ri wkh jdph L rewdlq wkh iroorzlqj uhvxow=
Sursrvlwlrq 5 Lq d Frxuqrw gxrsro| jdph/ ￿upv ghflgh wr lqyhvw lq wudqvsruw
dqg frppxqlfdwlrq whfkqrorj| dffruglqj wr wkh frvw ri wkh U)G lqyhvwphqw
uhtxluhg1 Ghshqglqj rq wkh ohyho ri n/ wkhuhiruh/ lw lv srvvleoh wr ￿qg gl￿huhqw
vxejdph shuihfw Qdvk htxloleuld lq sxuh vwudwhjlhv1
Zkhq wkh frvw ri U)G n lv orz/ wkh jdph vkrzv d QH lq grplqdqw vwudwhjlhv
zkhuh erwk ￿upv lqyhvw lq WF1 Iru yhu| orz ohyhov ri n vxfk dq htxloleulxp lv
dovr Sduhwr h!flhqw/ zkloh dv n lqfuhdvhv wkh jdph vkrzv d Sulvrqhu*v Glohppd/
ehfdxvh wkh djjuhjdwh sd|r￿ ri ￿upv zrxog eh pd{lpl}hg e| qrw lqyhvwlqj dw doo1
Iru lqwhuphgldwh ydoxhv ri n/ wkh jdph ehfrphv d Fklfnhq Jdph dqg wkhuh
h{lvw wzr dv|pphwulf htxloleuld lq zklfk rqo| rqh ￿up lqyhvwv lq WF1
Ilqdoo|/ iru kljk ydoxhv ri n/ wkh jdph vkrzv d QH lq grplqdqw vwudwhjlhv
zkhuh erwk ￿upv gr qrw lqyhvw lq WF1 Vxfk dq htxloleulxp wxuqv rxw wr eh Sduhwr0
h!flhqw iurp wkh ￿upv* vwdqgsrlqw1
Surri1 L suryh wkh deryh suhsrvlwlrq e| frpsdulqj wkh htxloleulxp sur￿wv
dsshdulqj lq Pdwul{ 51 Ehiruh surfhhglqj zlwk vxfk d frpsdulvrq/ lw lv lpsru0
wdqw wr qrwlfh wkdw L kdyh wr wdnh lqwr dffrxqw d gl￿huhqw elqglqj wkuhvkrog ydoxh
ri w wr hqvxuh wkh vxvwdlqdelolw| ri wkh jdph1 Uhphpehu wkdw f ￿ 4 +fdvh H, /
f ￿ w +fdvh D, dqg w ￿ 5f
4.f +fdvhv E dqg G,1 Lw lv hdv| wr suryh wkdw 5f
4.f Af 1
Dv d frqvhtxhqfh/ wkh wkuhvkrog ydoxh ehfrphv wAw @ 5f
4.f/ zklfk lv zhdnhu
wkdq wkh rqh irxqg iru Pdwul{ 41
Frpsdulqj htxloleulxp sur￿wv dorqj wkh sulqflsdo gldjrqdo/ iurp 57 L jhw
￿D
l>m ?￿ H
l>m li n?n 41 Ixuwkhupruh/ iurp 63 dqg 6:/ ￿D
l +￿D
m , ?￿ G
l +￿E
m , li n?
n6 dqg ￿E
l +￿G
m , ?￿ H
l +￿H
m , li n?n 81 L kdyh wkhq wr frpsduh wkh wkuhvkrog
ydoxhv ri n dsshdulqj lq wklv frqwh{w1 Krzhyhu/ iurp 85 L kdyh wkdw/ lq wkh
dffhswdeoh uhjlrq ri sdudphwhuv/ n4 ?n 8 ?n 6 1 Lw lv hdv| wr ghprqvwudwh wkdw
vxfk d uhvxow krogv lq wklv fdvh wrr1
Ghshqglqj rq wkh ydoxh wdnhq e| n55/ lw lv srvvleoh wr ￿qg wkuhh gl￿huhqw
w|shv ri Qdvk htxloleuld=
3 ?n?n 8 @, rqh QH/ +WF/ WF,
n8 ?n?n 6 @, wzr QH/ +WF/ 3, dqg +3/ WF,
n6 ?n @, rqh QH/ +3/3,
= +99,









m = Dv d frqvhtxhqfh/ erwk ￿upv lqyhvw
lq WF/ exw wkh| pd{lpl}h wkhlu djjuhjdwh sur￿w rqo| li 3 ?n?n 4/ ehlqj
￿D
l>m ?￿ H
l>m1 Rq wkh rwkhu kdqg/ iru n4 ?n?n 8> wkh jdph ehfrphv d Sulvrqhu*v
Glohppd/ jlyhq wkdw ￿D
l>m A￿ H









m , dqg wkhq wkh jdph vkrzv wzr dv|pphwulf
55Doo wkh ydoxhv ri & duh uhsruwhg lq Dsshqgl{ 41









wkxv ohdglqj wr dq htxloleulxp lq grplqdqw vwudwhjlhv zkhuh ￿upv gr qrw lqyhvw
lq WF U)G1 Wklv htxloleulxp lv Sduhwr0h!flhqw/ ehfdxvh lw lv dovr vdwlv￿hg
nAn 41
Lw fdq eh hdvlo| fkhfnhg wkdw wkh vhtxhqfh ri sd|r￿v suhvhqwhg lv lqyduldqw
dv wkh ydoxh ri wkh sdudphwhu f ydulhv zlwklq wkh dgplvvdeoh udqjh1
Wklv vhfrqg prgho frq￿upv wkhq zkdw L irxqg lq wkh suhylxrv vhfwlrq1 Wkhuh
lv d uhjlrq ri n +n8 ?n?n 6, zkhuh wkh jdph doorzv iru wzr dv|pphwulf QH/
zkhuh rqo| rqh ￿up lqyhvwv lq WF/ zkloh wkh rwkhu ghflghv qrw wr lqyhvw1 Uhplqg
wkdw e| lqyhvwlqj lq WF U)G d ￿up fdq h{sdqg khu pdunhw e| vhuylqj pruh
frqvxphuv1 Exw iru fhuwdlq ohyhov ri n wkh pdunhw vxvwdlqv rqo| wkh suhvhqfh ri
rqh ￿up xqghuwdnlqj WF U)G1 Wkh frpplwphqw wdnhq e| rqh ￿up wr lqyhvw lq
WF lv wkhq vx!flhqw wr ghwhu wkh ulydo iurp sxuvxlqj wkh vdph U)G vwudwhj|1 Lw
lv lqwhuhvwlqj wr qrwlfh wkdw vxfk d frpplwphqw wxuqv rxw wr eh fuhgleoh ehfdxvh
ri wkh U)G h{shqglwxuh n zklfk lw uhtxluhv1 Vxssrvh wkdw ￿up l lqyhvwv lq WF1
Jlyhq vxfk d fkrlfh/ ￿up m zrxog uhdfk dq kljkhu sur￿w e| qrw lqyhvwlqj lq WF1
Li ￿up m lqyhvwhg lq WF dv zhoo/ lq idfw/ wkh txdqwlw| duulylqj rq wkh pdunhw
zrxog eh vr odujh wr gurs wkh sulfh grzq wr dq xqsur￿wdeoh ohyho1
+#   	    
   
Wkh Lqirupdwlrq Uhyroxwlrq zklfk kdv uhfhqwo| wdnhq sodfh ghvhuyhv d sdu0
wlfxodu dwwhqwlrq/ hvshfldoo| iru wkh h￿hfwv wkdw lw fdq kdyh rq lqgxvwuldo frpshwl0
wlrq1 Wkh glvfxvvlrq kdv ehhq irfxvhg pruh wkdq lq wkh sdvw rq ￿upv* vwudwhjlf
ghflvlrqv lq wkh doorfdwlrq ri U)G uhvrxufhv dprqj gl￿huhqw surmhfwv1 Lw lv
frpprqo| revhuyhg wkdw ￿upv frqgxfw U)G hlwkhu dorqj surfhvv lqqrydwlrq
ru dorqj surgxfw lqqrydwlrq1 Qrwzlwkvwdqglqj wkh uhohydqfh ri wklv dujxphqw/
krzhyhu/ wkh lvvxh ri surgxfw lqqrydwlrq yv1 surfhvv lqqrydwlrq kdv ehhq vxu0
sulvlqjo| qhjohfwhg lq wkh olwhudwxuh dqg rqo| uhfhqwo| vrph frqwulexwlrqv kdyh
ehhq dgguhvvhg wr wklv wrslf1 Wklv zrun frqvwlwxwhv wkhq dq dwwhpsw wr dqdo|vh
wkh idfwruv zklfk gluhfw U)G h{shqglwxuh wrzdug surgxfw lqqrydwlrq ru wrzdug
surfhvv lqqrydwlrq1 Lq p| dqdo|vlv/ L hpsor|hg d sduwlfxodu nlqg ri surfhvv lq0
qrydwlrq/ l1h1 dq lqyhvwphqw lq wudqvsruw dqg frppxqlfdwlrqv whfkqrorjlhv1 L
frqvlghuhg lq idfw d Frxuqrw gxrsro| vhwwlqj zkhuh ￿upv vlpxowdqhrxvo| vhohfw
zkhwkhu wr lqyhvw lq surgxfw lqqrydwlrq ru lq wudqvsruw dqg frppxqlfdwlrq1
Wkh wzr irupv ri U)G xqghu frqvlghudwlrq kdyh gl￿huhqw h￿hfwv rq ￿up*v
sur￿wv dqg L wulhg wr dqdo|vh wkh vwudwhjlf ehkdylrxu dqlpdwlqj ￿upv* frpsh0
wlwlrq lq wkh pdunhw1 L wkhuhiruh xvhg d wzr0vwdjh wkuhh vwudwhj| jdph/ zkhuh
￿upv ￿uvw ghflgh dprqj wkuhh rswlrqv +lqyhvw lq SL/ lqyhvw lq WF ru qrw lqyhvw
dw doo, dqg wkhq wkh| frpshwh rq wkh pdunhw e| vhwwlqj txdqwlwlhv1 Wkh dqdo|vlv
uhyhdohg wkh suhvhqfh ri ydulrxv vxejdph shuihfwlrq Qdvk htxloleuld/ ghshqg0
lqj rq wkh uhodwlyh h!flhqf| ri wkh U)G h￿ruw1 Vxfk dq h!flhqf| kdv ehhq
phdvxuhg e| frpelqlqj wkh ydoxhv wdnhq e| wkh sdudphwhu w/ zklfk lqglfdwhv
wkh lqlwldo shufhqwdjh ri wkh surgxfw zklfk duulyhv dw ghvwlqdwlrq/ zlwk gl￿huhqw
65ohyhov ri n/ wkh frvw ri grlqj U)G1 Dv d uhvxow/ L rewdlqhg erwk v|pphwulf dqg
dv|pphwulf htxloleuld1 Vwduwlqj iurp wkh v|pphwulf rqhv/ erwk ￿upv lqyhvw lq
WF zkhq vxfk d vwudwhj| lv yhu| h￿hfwlyh/ l1h zkhq d uhodwlyho| orz h{shqglwxuh
n ohdgv wr d pdvvlyh lqfuhdvh lq wkh iudfwlrq zklfk duulyhv dw ghvwlqdwlrq1 Dv wkh
lqlwldo w lqfuhdvhv/ rq wkh rwkhu kdqg/ ￿upv suhihu wr xqghuwdnh SL/ lqwurgxflqj
lq wklv zd| d fhuwdlq ghjuhh ri surgxfw gl￿huhqwldwlrq1 Zkhq wkh frvw n ehfrphv
surklelwlyh/ ￿upv ghflgh qrw wr lqyhvw1 Dv iru wkh dv|pphwulf htxloleuld/ rqo|
rqh ￿up hlwkhu lqyhvwv lq WF +iru orz ydoxhv ri w , ru lq SL +iru kljkhu ydoxhv ri
w,/ dqg wklv rffxuv iru lqwhuphgldwh ydoxhv ri n1 Lq vhfwlrq 8 L dovr dqdo|vhg d
wzr vwudwhj| jdph dqg wklv jdyh ph wkh rssruwxqlw| wr xqghuvwdqg wkh qdwxuh ri
wkh WF lqyhvwphqw/ zklfk lv vrphwklqj pruh wkdq d nlqg ri surfhvv lqqrydwlrq1
Lw lv lpsruwdqw wr uhplqg wkdw wkh uhvxowv rewdlqhg lq p| prgho duh vwurqjo|
lq xhqfhg e| wkh dvvxpswlrqv lqwurgxfhg1 Lq idfw/ wzr vlpsol￿fdwlrqv zhuh
yhu| xvhixo exw wkhlu lpsdfw rq wkh uhvxowv kdv wr eh wdnhq lqwr dffrxqw1 Iluvwo|/
L dvvxphg wkdw dq lqyhvwphqw ri d ￿{hg n lq WF lv vx!flhqw wr frpsohwho|
holplqdwh wkh zdvwh ri surgxfw gxulqj wkh iuhljkw skdvh/ wkxv ohdglqj wr w @4 1
D ￿uvw h{whqvlrq ri p| dqdo|vlv vkrxog frqvlghu dq lqfuhdvh lq wkh shufhqwdjh
w dv d ixqfwlrq ri wkh U)G h{shqglwxuh1 Vhfrqgo|/ L ￿{hg wkh ydoxhv ri wkh
sdudphwhu ￿ phdvxulqj wkh surgxfw gl￿huhqwldwlrq1 Lq wklv fdvh wrr/ lw vkrxog
eh lqwhuhvwlqj wr prgho vxfk d sdudphwhu dv d ixqfwlrq ri wkh U)G h{shqglwxuh1
Ixuwkhupruh/ wklv nlqg ri dqdo|vlv fdq eh dovr dssolhg wr wkh vwxg| ri roljrsrolv0
wlf pdunhwv zlwk wudgh dqg U)G lqyhvwphqwv1 Iru h{dpsoh/ lw zrxog eh lqwhuhvw0
lqj wr h{sdqg p| prgho e| frqvlghulqj wkh uroh ri U)G lqyhvwphqw lq wudqvsruw
dqg frppxqlfdwlrq ylv ª ylv surgxfw lqqrydwlrq lq d gxrsro| zlwk wudgh1
Hyhq li wkh h{whqvlrqv vxjjhvwhg deryh zrxog gh￿qlwho| dgg pruh lqvljkw lqwr
p| dqdo|vlv/ L wklqn wkdw wkh uhvxowv dsshdulqj lq wklv sdshu duh yhu| lqwhuhvwlqj/




Lq Dsshqgl{ 4 L zloo ghprqvwudwh wkh ydolglw| ri pdq| uhvxowv dsshdulqj lq
vhfwlrq 71 Lq sduwlfxodu/ L zloo glylgh p| dqdo|vlv lq wkuhh sduwv/ fruuhvsrqglqj
wr wkh wkuhh vxevhfwlrqv 71414/ 71415 dqg 714161 Fdofxodwlrqv dqg vlpxodwlrqv
zloo eh frpsxwhg e| xvlqj wkh surjudp Pdwkhpdwlfd +Zroiudp/ 4<<4,1Dy h u |
xvhixo frppdqg lv wkh sorw lq wkuhh glphqvlrqv ri wkh gl￿huhqfh ehwzhhq wkh
sur￿wv frqvlghuhg1 Wkh qxphulfdo ydoxh ri wkh gl￿huhqfh frqvlghuhg dsshduv lq
wkh yhuwlfdo d{lv/ zkloh lq wkh krul}rqwdo d{hv duh uhsruwhg wkh ydoxhv ri f 5 +3>4,
dqg w 5 +3>4,1 Wklv ghylfh zloo wxuq rxw wr eh sduwlfxoduo| xvhixo lq hydoxdwlqj




Ohw ph vwduw zlwk wkh vshfl￿fdwlrq ri wkh uhvxowv dsshdulqj lq vhfwlrq 714141
Lw fdq eh hdvlo| yhul￿hg wkdw=
￿D
l>m ?￿ H
l>m li n ? n4 @











D olwwoh pruh gl!fxow lv wkh frpsdulvrq ehwzhhq ￿H
l>m dqg ￿L
l>m/ jlyhq wkdw
L fdqqrw xvh wkh sdudphwhu n iru glvfulplqdwru| sxusrvhv1 L zloo wkhq xvh wkh
sdudphwhu w wr phdvxuh wkh h￿hfwlyhqhvv ri wkh wzr gl￿huhqw U)G lqyhvwphqwv/
wkxv udqnlqj wkh deryh sur￿wv1 Wr ehjlq zlwk/ e| vroylqj wkh gl￿huhqfh ￿H
l>m ￿
￿L
l>m @3 z1u1w wkh sdudphwhu w/ L ￿qg wkdw ￿H
l>m A￿ L
l>m iru w4d ?w?w 4e dqg
￿H
l>m ?￿ L
l>m iru w?w 4d dqg iru wAw 4e/ zkhuh=
w4d ￿ @
4
5f^93+f ￿ 4, ￿ :5‘
58f5 ￿ 83f ￿ 44
> w4e ￿ @
4
5f^93+4 ￿ f, ￿ :5‘
58f5 ￿ 83f ￿ 44
=
Krzhyhu/ L kdyh wr wdnh lqwr dffrxqw wkh ihdvlelolw| uhvwudlqw wAw @ 5f
8@7.6@7f
dqg vlpsoh dojheud doorzv ph wr vkrz wkdw w4d ? w?w 4e1 Dv d frqvhtxhqfh/
jlyhq wkdw L dp lqwhuhvwhg rqo| lq wkh uhjlrq zkhuh w?w?4/ ￿H
l>m A￿ L
l>m iru
w?w?w 4e dqg ￿H
l>m ?￿ L
l>m iru w4e ?w?4/ wkxv yhuli|lqj wkh uhvxowv ri irupxod
59/ zkhuh L xvh w4 @ w4e wr vlpsoli| wkh qrwdwlrq1 Wkh vdph wkuhvkrog ydoxh ri w
doorzv iru wkh frpsdulvrq ehwzhhq n4 dqg n5 +vhh 5:,/ zklfk duh wkh ydoxhv ri n
zklfk glvfulplqdwh ehwzhhq ￿D
l>m dqg ￿H





￿ Sur￿wv iru l +m, zkhq m +l, grhv qrw lqyhvw dw doo=
E| vlpsoh fdofxodwlrqv L jhw=
￿D
l +￿D
m , ?￿ G
l +￿E
m , li n ? n6 @





m , ?￿ J
l +￿F






67Dv iru wkh frpsdulvrq ehwzhhq ￿G
l +￿E
m , zlwk ￿J
l +￿F


















5f^45f ￿ 47 ￿ 46=;9 +f ￿ 4,‘
45f5 ￿ 45f ￿ 44
> w5e ￿ @
4
5f^45f ￿ 4 7.4 6 =;9 +f ￿ 4,‘
45f5 ￿ 45f ￿ 44
Krzhyhu/ e| frqvlghulqj wkh uhvwudlqw wAw @ 5f
8@7. 6@7f /l wl vh d v |w r￿ q g
wkdw w5d ? w?w 5e1 Dv d frqvhtxhqfh/ e| irfxvlqj rq wkh duhd lq zklfk w?w?4
dqg jlyhq wkdw w4 ?w 5 +vhh 67,/ wkh uhvxowv ri 65 krog dqg L fdq vlpsoli| wkh
qrwdwlrq e| w5 @ w5e1 Dv ehiruh/ wkh vdph wkuhvkrog ydoxh ri w doorzv iru wkh
frpsdulvrq ehwzhhq n6 dqg n71
￿ Sur￿wv iru l +m, zkhq m +l, lqyhvwv lq WF=
dv iru ￿E
l +￿G
m , yv1 ￿H
l +￿H
m , dqg ￿E
l +￿G
m , yv1 ￿K
l +￿I




m , ?￿ H
l +￿H
m , li n ? n8 @




m , ?￿ K
l +￿I









Dv iru wkh frpsdulvrq ehwzhhq ￿H
l +￿H
m , zlwk ￿K
l +￿I


















5f^￿44853 ￿ 9<45f . 43893+f ￿ 4,‘




5f^￿44853 ￿ 9<45f ￿ 43893+f ￿ 4,‘
4:5<f5 ￿ 436:3f ￿ 8:8
=
Wdnlqj lqwr dffrxqw wkh ihdvlelolw| frqglwlrq wAw @ 5f
8@7. 6@7f /l wl vh d v |w r
￿qg wkdw w6d ? w?w 6e1 Lw lv wkhq suryhg wkh uhvxow ri 6</ zkhuh L xvh w6 @ w6e1
Wkh vdph wkuhvkrog ydoxh ri w doorzv iru wkh frpsdulvrq ehwzhhq n8 dqg n91
￿ Sur￿wv iru l +m, zkhq m +l, lqyhvwv lq SL=
e| frpsdulqj ￿F
l +￿J
m , yv1 ￿I
l +￿K
m , dqg ￿F
l +￿J





m , ?￿ I
l +￿K










m , ?￿ L
l +￿L












m , yv1 ￿L
l+￿L









iru w7d ?w?w 7e/ zkloh wkh rssrvlwh krogv iru w?w 7d
dqg wAw 7e/ zkhuh=
w7d ￿ @
4
5f ^4<5f ￿ 6 9 5.6 8 5+f ￿ 4,‘




5f ^4<5f ￿ 695 ￿ 685+f ￿ 4,‘
589f5 ￿ 653f ￿ 54
Wdnlqj lqwr dffrxqw wkh ihdvlelolw| frqglwlrq wAw @ 5f
8@7. 6@7f /l wl vh d v |w r
￿qg wkdw w7d ? w?w 7e dqg wklv suryhv irupxod 79/ lq zklfk w7 @ w7e1 Wkh vdph
wkuhvkrog ydoxh ri w doorzv wr frpsduh n: yv1 n;/ dv lw dsshduv lq 7:1
/ 
0 #
Lq wklv dsshqgl{ L zloo suryh wkh pdlq uhvxow dsshdulqj lq vhfwlrq 71416 e|
iroorzlqj wkh vdph rughu lq zklfk wkh lqwhuydov ri w duh glylghg1 Wr vlpsoli| wkh
qrwdwlrqv L zloo qrw uhsruw doo wkh h{dfw ydoxhv ri wkh sdudphwhuv frqvlghuhg/
zklfk duh qrqhwkhohvv dydlodeoh lq Pdwkhpdwlfd ￿ohv1
￿ w?w?w 4 =
lq wklv lqwhuydo L kdyh wr frpsduh n4/ n6/ n8 dqg n:1 Lw lv hdv| wr vkrz wkdw
n6 An 4/ n6 An 8 dqg n6 An : iru f 5 +3>4, dqg w 5 +3>4,1 Pruhryhu/ n8 An 4 iru
wAw < @ 6f
5.f exw vxfk d uhvxow fdq eh h{whqghg wr wkh doo lqwhuydo ri ydolglw|/
jlyhq wkdw wAw <
561 Lq wkh dgplvvdeoh uhjlrq ri sdudphwhuv/ wkhq/ lw lv dozd|v
frq￿uphg wkdw=
n6 An 4/ n6 An 8/ n6 An : dqg n8 An 4 +9:,
Dv d frqvhtxhqfh/ L jhw wkdw n4 ?n 8 ?n 6 dqg n: An 6/ wkxv yhuli|lqj wkh
uhvxow dsshdulqj lq 85 dqg 861
56L dp lq idfw rqo| lqwhuhvwhg lq ydoxhv ri | judwhu wkdq | wr hqvxuh wkh h{lvwhqfh ri wkh
pdwul{ xqghu frqvlgdudwlrq1
69Odvwo|/ n8 An : iru w:d ?w?w :e/ zkloh wkh rssrvlwh krogv rxwvlgh wkh
lqwhuydo1 Ihdvlelolw| uhvwudlqwv olplw p| dqdo|vlv wr ydoxhv iru zklfk wAw dqg/
ehlqj w:d A w/ L kdyh wkdw=
n8 An : li w:d ?w ? w :e> n: An 8 li w? w?w :d dqg w:e ?w?4= +9;,
Ixuwkhupruh/ w:d Aw 4 dqg wklv lpsolhv wkdw lq wkh lqwhuydo ri w xqghu frq0
vlghudwlrq lw lv dozd|v yhul￿hg wkdw n: An 8 1 Lq rwkhu zrugv/
n: An 8 lq w?w?w 4 +9<,
Wkh uhvxow dsshdulqj lq 87 lv wkhq hdvlo| yhul￿hg e| frpelqlqj 9: zlwk 9<1
￿ w4 ?w?w 5 =
lq wklv lqwhuydo L kdyh wr frpsduh n8/ n:/ n6 dqg n51 Iurp 9: L nqrz wkdw
n6 An 8 dqg n6 An :1 Pruhryhu/ frpelqlqj 9; zlwk wkh idfw wkdw w:d Aw 5/
n: An 8 lq w4 ?w?w 5= +:3,
Dv iru n5/ lw lv dozd|v yhul￿hg wkdw/ lq wkh dgplvvdeoh uhjlrq ri sdudphwhuv/
n5 An 8 +:4,
Ohw ph frqvlghu qrz n5 yv1 n:= vlpsoh dojheud vkrzv wkdw n5 An : iru w?w 8d
dqg wAw 8e1 Wkh rssrvlwh krogv iru w8d ?w?w 8e1 Krzhyhu/ e| frqvlghulqj wkh
ihdvlelolw| frqglwlrq wAw @ 5f
8@7.6@7f /Lj h ww8d ? w?w 8e dqg wklv lpsolhv wkdw
n5 An : iru wAw 8 dqg n5 ?n : iru w?w?w 8/ zkhuh w8 @ w8e1 Dv iru wkh
srvlwlrq ri w8/ L irxqg wkdw w4 ?w 8 ?w 5 dqg wkhq=
n5 ?n : li w4 ?w?w 8 dqg n5 An : li w8 ?w?w 5 +:5,
L kdyh qrz wr frpsduh n5 zlwk n6= wkh ￿uvw vwhs lv wr ￿qg wkh wkuhvkrog
ydoxhv ri w1 L rewdlq wkdw n5 An 6 iru w?w 9d dqg wAw 9e/ zkloh wkh rssrvlwh
krogv iru w9d ?w?w 9e1 Ixuwkhupruh/ w9d ? w?w 9e dqg wklv lpsolhv wkdw
n5 An 6 iru wAw 9 dqg n5 ?n 6 iru w?w?w 9/ zkhuh w9 @ w9e1 E| frqvlghulqj
wkh lqwhuydo xqghu vwxg|/ lw lv dovr hdv| wr ￿qg wkdw w4 ?w 9 ?w 5 dqg wkhq=
n5 ?n 6 li w4 ?w?w 9 dqg n5 An 6 li w9 ?w?w 5 +:6,
Ilqdoo|/ w8 ?w 9 dqg L fdq frpelqh 9:/ :4/ :5/ :6 wr rewdlq wkh uhvxow dsshdu0
l q jl q8 9 1
6:￿ w5 ?w?w 7=
lq wklv lqwhuydo wkh wkuhvkrog ydoxhv ri n zklfk hqwhu lq wkh dqdo|vlv duh n5/
n7/ n8 dqg n:1 Iurp :4 L nqrz wkdw n5 An 8> pruhryhu/ lq wkh dgplvvdeoh uhjlrq
ri sdudphwhuv/ lw lv dozd|v yhul￿hg wkdw n5 An 7 dqg n7 An 81 Wklv |lhogv wr wkh
iroorzlqj uhvxow=
n8 ?n 7 ?n 5 +:7,
Dv iru n5 yv1 n:/ jlyhq wkdw n5 An : iru wAw 8/ vxfk d uhvxow lv ydolg zlwklq
wkh lqwhuydo frqvlghuhg/ ehfdxvh wkh ydoxhv ri w duh dozd|v juhdwhu wkhq w8
571L q
rwkhu zrugv=
n5 An : lq w5 ?w?w 7= +:8,
Wkh prvw gl!fxow sduw lv uhsuhvhqwhg e| wkh hydoxdwlrq ri n8 yv1 n: dqg n7
yv1 n:1 Dv idu dv n8 yv1 n: lv frqfhuqhg/ iurp 9; L nqrz wkdw n8 An : iru w:d
?w?w :e/ zkloh wkh rssrvlwh krogv rxwvlgh wkh lqwhuydo irxqg1 Ixuwkhupruh/
w?w 5 ?w :d ?w 7 ?w :e dqg wklv lpsolhv wkdw=
n8 ?n : lq w5 ?w?w : dqg n: ?n 8 lq w: ?w?w 7> +:9,
zkhuh w: @ w:d1 Ohw ph qrz frqvlghu n7 yv1 n:= vlpsoh dojheud vkrzv wkdw
n7 An : iru w?w 43d dqg wAw 43e/ zkloh n7 ?n : iru w43d ?w?w 43e1 E| wdnlqj
lqwr dffrxqw wkh ihdvlelolw| frqglwlrq L jhw w43d ? w?w 43e dqg wkhq n7 An :
rqo| iru wAw 43e1 Krzhyhu/ e| frpsdulqj wkh ydoxhv ri w dsshdulqj lq wklv sduw L
rewdlq wkdw w43e ?w 5 ?w 7/ dqg wkhq lq wkh lqwhuydo xqghu frqvlghudwlrq wAw 43e/
ohdglqj wr=
n7 An : lq w5 ?w?w 7= +::,
E| frpelqlqj wkh uhvxowv dsshdulqj lq :7/ :8/:9 dqg :: lw lv lpphgldwh wr
ghprvwudwh wkh ydolglw| ri 8;1
￿ w5 ?w?w 7=
L kdyh wr dqdo|vh wkh uhodwlrq dprqj n5/ n7/ n8 dqg n;1 Lq :7 L irxqg wkdw
n8 ?n 7 ?n 51 L qhhg rqo| wr ￿qg wkh uhodwlyh srvlwlrq ri n;1 Lq wkh dgplvvdeoh
uhjlrq ri sdudphwhuv lw lv srvvleoh wr vkrz wkdw=
n; ?n 5 dqg n; ?n 7= +:;,
57Lq idfw/ &2 ￿& . iru |￿|￿| D/ dv lw zdv ghprvwudwhg deryh/ exw L dp vwxg|lqj wkh
lqwhuydo |2 ￿|￿| e/ zlwk |2 :| D dqg wkhq &2 :& .1
6;Wkh rqo| gl!fxow| lv jlyhq e| wkh hydoxdwlrq ri n8 yv1 n;= E| xvlqj wkh vdph
phwkrg dv ehiruh/ L ￿qg wkdw n; An 8 iru w?w ;d dqg wAw ;e/ zkloh n8 An ; iru
w;d ?w?w ;e1 Wkh ihdvlelolw| frqglwlrqv ohdg wr w;d ? w?w ;e dqg wkhq n; An 8
rqo| iru wAw ;e/ zkloh n8 An ; iru w?w?w ;e1 Ixuwkhupruh/ wkh frpsdulvrq ri
wkh wkuhvkrog ydoxhv ri w vkrzv wkdw w7 ?w ; ?w 6/ zlwk w; @ w;e wr vlpsoli| wkh
qrwdwlrq1 Dv d frqvhtxhqfh=
n8 An ; lq w7 ?w?w ; dqg n; An 8 lq w; ?w?w 6= +:<,
E| frpelqlqj wkh uhvxowv dsshdulqj lq :7/ :; dqg :< lw lv wkhq srvvleoh wr
hdvlo| yhuli| 941
￿ w6 ?w?4=
lq wklv odvw lqwhuydo L frpsduh n5/ n7/ n9 dqg n;1 Iurp :7 dqg :; lw lv
lpphgldwh wr jhw n; ?n 7 ?n 51 L qhhg rqo| wr ￿qg wkh uhodwlyh srvlwlrq ri n91
Lq wkh dgplvvdeoh uhjlrq ri sdudphwhuv lw lv srvvleoh wr vkrz wkdw=
n9 ?n 5 dqg n9 ?n 7= +;3,
Dv iru n; yv1 n9/ lw lv hdv| wr rewdlq wkdw n; An 9 iru w?w 44d dqg wAw 44e dqg
ylfhyhuvd1 Krzhyhu/ w?w 44d ?w 44e/ zklfk lpsolhv n; An 9 rqo| iru w?w?w 44d
dqg iru wAw 44e1 Wkh rssrvlwh krogv lq wkh lqwhuydo w44d ?w?w 44e/ zkhuh n9
An ;1 Ixuwkhupruh/ wkh frpsdulvrq ri wkh wkuhvkrog ydoxhv ri w vkrzv wkdw w44d
?w 44e ?w 6/ dqg jlyhq wkdw L dp vwxg|lqj dq lqwhuydo zkhuh wAw 6/ wkhq wAw 44e
1 Dv d frqvhtxhqfh=
n; An 9 lq w6 ?w?4 +;4,
Wkh uhvxow dsshdulqj lq 97 lv wkhq frq￿uphg e| frpelqlqj :7/ :;/ ;3 dqg
;41
6<,	
^4‘ Dehuqdwk|/ Z1 M1 dqg M1P1 Xwwhuedfn +4<;5,/ Sdwwhuqv ri Lqgxvwuldo Lq0
qrydwlrq/ lq= P1 O1 Wxvkpdq dqg Z1 O1 Prruh/ hgv1/ Uhdglqjv lq wkh
Pdqdjhphqw ri Lqqrydwlrq/ Ervwrq= Slwpdq/ <:043;1
^5‘ Doedfk/ K1 +4<<7,/ Fxowxuh dqg Whfkqlfdo Lqqrydwlrq= d Furvv0Fxowxudo
Dqdo|vlv dqg Srolf| Uhfrpphqgdwlrqv/ Uhvhdufk Uhsruw </ Wkh Dfdghp|
ri Vflhqfhv dqg Whfkqrorj| lq Ehuolq/ Ehuolq/ Qhz \run= Zdowhu gh Jux|whu1
^6‘ Edwwdjjlrq/ P1U1/ Whghvfkl/ S1 +4<<;,/ Lqqrydwlrq dqg Yhuwlfdo Gl￿huhqwl0
dwlrq/ Zrunlqj Sdshu q1 :8/ Xqlyhuvlwª ghjol Vwxgl gl Sdgryd/ Sdgryd1
^7‘ Ehvwhu/ K1 dqg H1 Shwudnlv +4<<6,/ Wkh lqfhqwlyhv iru frvw uhgxfwlrq lq d
gl￿huhqwldwhg lqgxvwu|/ Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq/
44/ 84<08671
^8‘ Erqdqqr/ J1 dqg E1 Kdzruwk +4<<;,/ Lqwhqvlw| ri Frpshwlwlrq dqg wkh
Fkrlfh ehwzhhq Surgxfw dqg Surfhvv lqqrydwlrq/ Lqwhuqdwlrqdo Mrxuqdo ri
Lqgxvwuldo Rujdql}dwlrq/ 49/ 7<808431
^9‘ Eudqghu/ M1 dqg E1 Vshqfhu +4<;6,/ Vwudwhjlf frpplwphqw zlwk U)G= wkh
v|pphwulf fdvh1 Ehoo Mrxuqdo ri Hfrqrplfv/ 47/ 55805681
^:‘ Eudqghu/ M1 dqg S1U1 Nuxjpdq +4<;6,/ D ￿Uhflsurfdo Gxpslqj￿ Prgho ri
Lqwhuqdwlrqdo Wudgh/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv/ 48/ 64606541
^;‘ Gh Erqgw U1 +4<<:,/ Vslooryhuv dqg Lqqrydwlyh Dfwlylw|/ Lqwhuqdwlrqdo Mrxu0
qdo ri Lqgxvwuldo Rujdql}dwlrq/ 48/ 405<1
^<‘ Ghoerqr/ I1 dqg Y1 Ghqlfroı +4<<3,/ U)G lqyhvwphqw lq d v|pphwulf dqg
krprjhqhrxv roljrsro|/ Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq/
;/ 5<:06461
^43‘ Gl{lw/ D1 N1 +4<:<,/ D prgho ri gxrsro| vxjjhvwlqj d wkhru| ri hqwu| edu0
ulhuv1 Ehoo Mrxuqdo ri Hfrqrplfv/ 43/ 530651
^44‘ Gl{rq/ K1G1 +4<;8,/ Vwudwhjlf lqyhvwphqw lq d frpshwlwlyh lqgxvwu|1 Mrxuqdo
ri Lqgxvwuldo Hfrqrplfv/ 66/ 53805451
^45‘ Grv Vdqwrv Ihuuhlud/ U1 dqg M1I1 Wklvvh +4<<9,/ Krul}rqwdo dqg yhuwlfdo
gl￿huhqwldwlrq= Wkh Odxqkdugw prgho1 Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo
Rujdql}dwlrq/ 47/ 7;808391
^46‘ Hvzdudq P1 dqg Q1 Jdoolql +4<<9,/ Sdwhqw srolf| dqg wkh gluhfwlrq ri whfk0
qrorjlfdo fkdqjh +4<<9,/ UDQG Mrxuqdo ri Hfrqrplfv/ 7/ :550:791
^47‘ Ilolsslql/ O1 dqg J1 Pduwlql +5333,/ Yhuwlfdo Gl￿huhqwldwlrq dqg Lqqrydwlrq
Dgrswlrq/ Txdghuqr q1 5;/ LVWHFLO/ Xqlyhuvlwª Fdwwrolfd gl Plodqr1
73^48‘ Jdev}hzlf}/ M1M1 dqg M1I1 Wklvvh +4<;9,/ Rq wkh qdwxuh ri frpshwlwlrq zlwk
gl￿huhqwldwhg surgxfw1 Hfrqrplf Mrxuqdo/ <9/ 49304:51
^49‘ Khospdq/ H1 dqg S1 U1 Nuxjpdq +4<;8,/ Pdunhw Vwuxfwxuhv dqg Iruhljq
Wudgh1 Fdpeulgjh/ PD/ PLW Suhvv1
^4:‘ Krwhoolqj/ K1 +4<5<,/ Vwdelolw| lq frpshwlwlrq1 Hfrqrplf Mrxuqdo/ 6</ 7408:1
^4;‘ Nohsshu/ V1 +4<<9,/ Hqwu|/ H{lw dqg Lqqrydwlrq ryhu wkh Surgxfw Olih F|foh/
Dphulfdq Hfrqrplf Uhylhz/ ;9/ 89508;61
^4<‘ Nuxjpdq S1 U1 +4<<3,/ Uhwklqnlqj Lqwhuqdwlrqdo Wudgh1 Fdpeulgjh/ PD/
PLW Suhvv1
^53‘ Nuxjpdq S1 U1 +4<<4,/ Lqfuhdvlqj uhwxuqv dqg hfrqrplf jhrjudsk|/ Mrxuqdo
ri Srolwlfdo Hfrqrp|/ <</ 7;607<<1
^54‘ Nuxjpdq S1 U1 dqg D1 Yhqdeohv +4<<3,/ Lqwhjudwlrq dqg wkh frpshwlwlyh0
qhvv ri shulskhudo lqgxvwu|/ FHSU Glvfxvvlrq Sdshu 6961
^55‘ Odpehuwlql/ O1/ Pdqwrydql D1 dqg J1 Urvvlql +5334,/ U)G lq wudqvsruw dqg
frppxqlfdwlrq lq d Frxuqrw gxrsro|/ Txdghuql 0 Zrunlqj Sdshuv GVH q1
734/ Xqlyhuvlwª ghjol Vwxgl gl Erorjqd1
^56‘ Odpehuwlql/ O1 dqg U1 Ruvlql +5333,/ Surfhvv dqg surgxfw lqqrydwlrq lq d
yhuwlfdoo| gl￿huhqwldwhg prqrsro|/ Hfrqrplf Ohwwhuv/ 9;/ 66606:1
^57‘ Odpehuwlql/ O1 dqg J1 Urvvlql +4<<;,/ Surgxfw krprjhqhlw| dv d sulvrqhu*v
glohppd lq d gxrsro| zlwk U)G1 Hfrqrplf Ohwwhuv/ 8;/ 5<:06341
^58‘ Odqfdvwhu/ N1 M1 +4<:<,/ Ydulhw|/ Htxlw| dqg H!flhqf|/ Qhz \run=
Froxpeld Xqlyhuvlw| Suhvv1
^59‘ Odxqkdugw/ Z1 +4<;8,/ Pdwkhpdwlvfkh Ehju￿qgxqj ghu Yronvzluwvfkdiwvoh0
khuh1 E1J1 Whxeqhu/ Ohls}lj1
^5:‘ Odxqkdugw/ Z1 +4<<6,/ Sulqflsohv ri pdwkhpdwlfdo hfrqrplfv1 Hgzdug Ho0
jdu/ Jorxfhvwhu1
^5;‘ Pdqv￿hog/ H1 +4<;;,/ Lqgxvwuldo U)G lq Mdsdq dqg wkh Xqlwhg Vwdwhv= D
Frpsdudwlyh Vwxg|/ Dphulfdq Hfrqrplf Uhylhz/ :;/ 556055;1
^5<‘ Pduwlq/ S1 dqg F1D1 Urjhuv +4<<8,/ Lqgxvwuldo orfdwlrq dqg sxeolf lqiudv0
wuxfwxuh/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv/ 6</ 66806841
^63‘ Pxvvd/ P1 dqg V/ Urvhq +4<:;,/ Prqrsro| dqg Surgxfw Txdolw|/ Mrxuqdo
ri Hfrqrplf Wkhru|/ 4;/ 634064:1
^64‘ Uhlqjdqxp/ M1 +4<;<, Wkh wlplqj ri lqqrydwlrq= uhvhdufk/ ghyhorsphqw dqg
gl￿xvlrq/ lq= Vfkpdohqvhh/ U1 dqg U1 Zloolj/ hgv1/ Kdqgerrn ri Lqgxvwuldo
Rujdql}dwlrq/ Yro1 L/ Qruwk0Kroodqg/ Dpvwhugdp1
74^65‘ Urvhqnudq}/ V1 +4<<9,/ Vlpxowdqhrxv Fkrlfh ri Surfhvv dqg Surgxfw Lqqr0
ydwlrq/ FHSU Glvfxvvlrq Sdshu q1 46541
^66‘ Vdpxhovrq/ S1 +4<87,/ Wkh wudqvihu sureohp dqg wudqvsruw frvwv/ LL= Dqdo0
|vlv ri h￿hfwv ri wudgh lpshglphqwv/ Hfrqrplf Mrxuqdo/ 97/ 59705;<1
^67‘ Vkdslur/ F1 dqg K1 U1 Yduldq +4<<<,/ Lqirupdwlrq Uxohv1 D Vwudwhjlf Jxlgh
wr wkh Qhwzrun Hfrqrp|1 Kduzdug Exvlqhvv Vfkrro Suhvv 0 Ervwrq/ Pdv0
vdfkxvhwwv1
^68‘ Vlqjk/ Q1 dqg Ylyhv/ [1 +4<;7,/ Sulfh dqg txdqwlw| frpshwlwlrq lq d gl￿hu0
hqwldwhg gxrsro|/ UDQG Mrxuqdo ri Hfrqrplfv/ 48/ 8970871
^69‘ Zroiudp V1 +4<<4,/ Pdwkhpdwlfd= D V|vwhp iru Grlqj Pdwkhpdwlfv e|
Frpsxwhu/ 5qg hg1/ Dgglvrq0Zhvoh|/ PD1
75